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292 S. F. Grace. Free Motion of a a

The expressions

Jo 2 
= 3W _ St (2cop 

8co

_3W / sin 2co£
4co \ 2co£

sin 2co£ . cos 2co£ sin 2coH

2oit
3 T

3W
4

2cot (2cof)2
( sin 2co£

fJo

(2co#)3 J

o 2co£
1 f  cos 2coi sin 2coG 

L 2c <>t(2co j

give the position of the centre of the sphere a t  time t ; from them  Diagram I I I  
has been constructed to  indicate the form of the p a th  of the sphere from 
t =  0 to 1 • 2T. The points 1, 2, 3, ... 15 represent the positions of the centre 

of the sphere for 2co£ =  1, 2, 3, ... 15 respectively.
The path  is seen to take the form of a spiral, the pole of which is a t the point 

whose co-ordinates are

x =  - -  [ —  dt =  =  J -W T  =  0094W T,
4 Jo 2 cd£ 16co 32

WT = - 0 1 1 9  WT.4 co 8 n

The sphere revolves about this lim iting position in a direction opposite to 
the  rotation of the undisturbed liquid, the period of a revolution tending to 
become 4 T ; the  distance of the centre of the sphere from the limiting position 
continually decreases, the order of decrease being ultim ately l/2cob

Velocity of the Liquid.

§ 7. Considering for a m om ent the general motion of the liquid we see from 
7 (A )th a t

Mg»+1 +  M fe-l =  — ~  ^ ~ 1' > S>0,dx ’

and, on substituting for P 2s and P 2s- i ,  we obtain

M2s+ 1  +  U2s-1 5 > 0 ,
and since

we have 

and
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Rotating Liquid at Right Angles to the Axis of Rotation. 293

Velocity of the Liquid on the Axis of the Sphere.

§ 8. On the axis of the sphere 0 is zero or n, so th a t  

P 2s =  P2S-1 — 0, 0,

and  wis zero also, or the m otion is wholly perpendicular to  the axis. F u rth er 
since the  m otion is sym m etrical with respect to  the  equatorial plane, i t  is only 
necessary to  consider one of the values of 0, say 0 =  0.

Pu tting  X — a/r, we have

v =  _  / dPg»-i\  =  sin <f> / & V  1 \  _  /  cos </> 8 P ^ _ i \
t y  4  = 0 r V 30 4  = 0 r sin 0 t if

=  0, s ! > 0.

Again, from 7 (A),

+  =  _ /'c o o *  3P?
r \ 00 /(9 = o \r sin 6 d(f> e = o

~L COS +  / 3Pa»-i\ __ , sin <p 3P 24._1
r \ dd 4  = o \r  sin 0 3<£ ,4 = o

=  -  2WA (A*T*i2i +  ^ + 2T2s+2>.), = 0, ,  >  0.
B ut

(To* 2*4-0=  -  . h . 3 - 5 - — t2* -  2) i " i  _  +  1FC
• 0 2 ( 2 s + l )  2s ( « - ! ) !  L U + 1 , t l

4 - ) s

+ (2 5 +  1) (2 5 +  3 )^
1 .3

2 ( 2 5 + 1 ) ’

>‘ =° =  -  2 •L r o f i r - >{ 1 -  <2 s + 3>'c *

( - ) * +t

Hence

3(* +  l)  
2 (2s +  3)

, (2» +  3) (2s +  5 ) .^  1
1 .3  J

*Wi +  % -i =  (—)*+13W
and from this sequence

2s +  1
A2*+1 s_±_l

2 s +  3
A 2s+ 3 ) ,

so th a t
i +  ( ~ ) g+\  =  (-—)S+13W ( -  A3 -  i  +  1 A^+M

3 2$ -f- 3 / ,

s > o .
VOL. CIV.— A. X
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294 S. F. Grace. Free Motion of a Sphere in a

Again

^2 s — 2̂s—1

=  ( - ) * - 1 3W

3P2.-1
dx / 0 = o

s A2*+1
2s +  1

_ ( _ ) , + !  3 W / '

Hence
3W v

U =  T X -8 = 0

2 \ 2 s + l  

(_)* + !

+  ( - y

A2s+1

3W
2 \2s +  1

A2s+1 ■ 5 +  1

S +  1
2s -J- 3

A2*+3

2s +  3

S 0 .

A2*,3

g A2s+1 +  S ^2a+s\ 
2 s + l  ‘ 2s +  3 / 2s!

3 W A / s m 2 ^ _ c o s  2 Acd? 
4 \  2 Aco?

3W J~« i a3 _  0 1
4 U  r3 “ r (2co?)2

1 +  A2 ! 2 1
1  (2 ;kwf)2 i _

Si
2a co?'

O W +  (v( s + l ) A w (2co?)2a+1- 
’ 2s +  3 (2s +  1)!S -  0

;gw;.» ( s i n  2 Xat +  cosf  —  -  + 2- + l
2 L 2Aco? (2 Aco?)2 J

3W a2 q , / 2aco? 
:T  r2 ^ 1 \

Diagrams IV  and  V respectively represent the variations of the functions 
u, v w ith r and t. In  IV  the  values of W  are plotted against those of rja ; 
the separate curves 0, 1, 2, ... 10 correspond respectively to times given by 
2co? =  0, 1, 2, ... 10, 2co? =  10 being roughly equivalent to ? =  0*8T. 
Diagram  V is constructed in a sim ilar m anner with the ratios vfW .

For large values of t we m ay take

u — — fW  (A +  A3) cos 2Aco?, v =  fW A2 sin 2Aco?,

showing th a t the m otion on the axis persists w ith t im e ; a t  any point the 
velocity components are oscillatory, the periods tending to  the value T/2A. At 
a great distance from the sphere, i.e., for small values of A, we m ay further take

u — — |W A  cos 2 Aco?, v 0, 

since the value of v depends on A2.
The m agnitude of the disturbance tends to zero as the distance from the 

sphere increases, the m axim um  disturbance occurring on the sphere.
If we compare the above expressions for u, v with 21 (A), which gives the 

velocity of the liquid along the axis for the parallel motion, and compare also
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Rotating Liquid at Right Angles to the Axis Rotation. 295

Values of tya

V alues of A/Q

IV, V with I I  (A), we note the same general characteristics, b u t in the 
latter case the maximum disturbance takes place in the' neighbourhood of 
r =  l-7 a .
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296 S. F. Grace. Free Motion of a Sphere in a

Velocity of the Liquid on the Equatorial Plane of the Sphere. 

§ 9. On the equatorial plane we have 6 =  \n , so th a t

^2s+l —
2s

CZ
l/0Po

/X = 0 r \00 05
 ̂= 0

w 2s

and there is no m otion of the liquid across the  plane. 
Again

* = 0

-  - 1 w ■ 

= X ~ ) ,  1 • 3 • 5 2;  • ' f  ~ 11 A8 (1 -  l*y sin 4> cos <t>, s > 0 ,

r 0 = f W A3 sin <£ cos <£,
and

v 2 s+ l +  ^ 2 s - l

%

Si n ^ ^ - ^ ?̂ +COS0 ^ i - 5 i a i ^ . ^  o

_ /  \g-fl 3W f • 3 . ... (2s 1) ^s+1 , \m—l 1
' 2 2s .si = ' 2 m + l ° w“1

=  ( ~ ) s+1 ~  1 ‘ 3 ’ ;y ‘ |  A3 (1 -  A2)*- 2  [AA2(1 —A2)*cu | ,

£ * " } ■

s >  0,

|-W i  23 - 2

so th a t, s >  0,

«»+i =  (—)*+i | was | i  +  i< i _ > ) + i = | ( i  -  » ? + . . .

+ 1 . 3 . . . .  (2 s - 1 )  
2 . 4  . . . .  2s

(1 -  A2)s j-

( - )* +1 3W £  A2 | 1  +  i  (1 -  A2) +  (1 -  A2)2 +  ..

+  1 -3 . ... (2s-_l_) (1 _  p)sT ^  
^  2 . 4 . . . . 2s v J

Or, putting

/ .U )  =  i + | a -  a* ) 4 | = | (i - a*)« +  -  +  1 ^ ; 4, ; j 2' 2p ^ a - ^ ) ‘.

we have

«s,+i =  ( - / +1 fW |A 3/, (A) -  2 £  A«/.0 ) A | , S >  o.
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Considering the  coefficients u2s, we have

U-Zs —  ^2 s + 1 sin <b

=-- ~  +  $ W  sin2 cf> i ( - )

3P 2, ^ cos <b
dr r dcf) J ̂  = 0

■t+i , y._» 1 . 3 . . . . ( 2 5 - 1 ) 2m
m

*s+l

=  ( - ) ' ? w | as/ , ( A ) - 2 [ } ? f , (X ) d l

- ( - ) * !  W sin2 4> A8 (1 -

2®(m — l) ! ( s — m + 1 ) !  2 m - j- l  
1 . 3 . . . .  (2 s — 1)

 ̂  22W + 1

2s(m — l)!(s  — m -j-1)! 2m +  1
A2m+1

with

+  ( - ) . | w 1 - 3 - 2v (̂ — ^ f*;t2 ( i - A 2)-<M, s > o ,

Mo =  |W U 3 cos2 4> — JW A3.

From  these expressions for us, vs we find, ta k in g /0 (A) =  1, th a t

w _  V 00 u  t t u t y
U ~ 2 's = 0 8 8\

=  ™  2 ”= 0 ( - ) •  A3/ ,  ( A) -  3W T  x ; _  A ( - ) s A2/ ,  ( A) A2s! 2s!J o  s = 0

fW A3 sin2 <f>. J„ {2utx/ ( l  — A2)} +  f W (* A2. J 0 { 2 c o * v /( l-  A2)}dA, (23)

and
Jo

3W v  v — —  2, 
2 */.(*)

- 3w £ C o( - ) , + , ^ . ( A ) | ^ 9 ^

+  fW A3 sin </> cos </> . J 0 — A2)}, (24)

where J 0 {2 o it\ /(1 — A2)} denotes the  Bessel function of zero order.
For convenience in the discussion of the expressions (23) and (24), we write

u =  ux — fW  A3 sin2 <f). J 0 {2 oot^/ (1 — A2)}, 
v == +  fW A3 sin 4> cos </> . J 0 {26^^/(1 — A2)},

uy being the portion of the expression for u which is independent of <f>, vx the 
portion of v independent of </>.

From (23) and (24) the values of u, v have been evaluated numerically for 
2co£ =  0 ,1 , 2 , . . .  10 and values of r/a — 1/A between 1 and 4. In  the case of 
u the method has been to evaluate
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298 S. F. Grace. Free Motion of a Sphere in a

Here i t  was found necessary to  work to  eight figures and use was made of an 
arithm om eter. From  the results the  values of

were obtained by num erical integration. The values of J 0 {2co^v/ ( l  — A2)}

were com puted from tables and  f A2 . J 0 {2ot — A2)} d% obtained by
Jo

numerical integration.
A similar process was adopted to  evaluate
From  the results the  Diagram s Y I, V II and V III have been constructed. 

D iagram VI represents th e  variation of uv  the various curves denoting the 
variation of u j W  w ith rja for 2<o£ =  0 ,1 , 2, ... 10. D iagram  V II denotes

Values of V Q

1
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similarly the variation of vv  D iagram  V III  gives the  varia tion  of 
|A 3 . J 0 {2co£ \ f ( l  — A2)} ; th is function has th e  value 1-5 for A =  1 for all t.

Rotating Liquid at Right Angles to the Axis o f Rotation. 299

Values of V a

The functions uvvx tend rapidly to  zero aw ay from the  sphere, indicating 
th a t the disturbance of the liquid is practically confined to  the im m ediate 
neighbourhood of the sphere, b u t no t to  such a pronounced degree as in the 
m otion parallel to the axis of rotation. The disturbance a t  any point a tta in s 
a m aximum value before tending to  zero, the tim e of atta in ing  th is m axim um  
increasing with the distance from the centre of the sphere.

Velocity of the Liquid at Points on the Sphere.

§ 10. Expressing the dynam ical equations 3 (A) in term s of the spherical 
polar co-ordinates r, 6, </>, we obtain

cu'
ct — 2co?/ cos0 = ap

rdd’
dv

+  2com;' sin 6 +  2co cos 0
r sin </> ’

(25)

-  2 ^ 'r i n  6 =  ct d r ’
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300 S. F. Grace. Free Motion of a Sphere a

and, on the sphere, the radial velocity {w) is given by 

(w')r = a=  U sin 0 cos cp +  V sin 0 s in <£
=  § W sin 0 {cos <£S \  (2cat) — sin </> Sx (2o>£) }/2c

Now
Op £ )  =  (—)* f  W  sin 0 sin •( ju2s

dr Jr=a
1

2p2£^i') =  f  W  sin 0 cos <f> j  /c2s-
0/ Jr—a [

r  (2 s + l)  (2 s+ 3) j

1

, s >  0,

_ 1
(2s + 1 )  (2 s+  3) J

, s >  0,

and

_  ow y°° /SPA
d r  i r —a ^  s=0 \  s!

= 2co |  W sin 0 sin </> (—)* j 1 1 (2co*)2 
(2s+  1) (2s +  3 ) j 2s!

1 1 (2co 25 -1
2co ^ W sin  0 cos <t>£' (—)5i / c 2s— — f , , ,

2 ®—i  (_ (2s —j— 1) (2 s+ 3 ) J (2s—1)!

so th a t

=  3wW sin 0 {sin cj> cos (,«2co£) 4* cos </> cos $ sin 

+3coW  sin 0 cos 0  {S ,1 (2cô ) — 2SX (2co£)/2cof}/(2oo£)2 

— 3coW sin 0 sin </> . Sx (2co£)/(2co£)2,

/ /v _  1 /Sir' . 0P \
^ ' r = a ~ 2 c o  sin 0 \ 02 ^ O f / r - a

— fW  sin 0  ^  cos (2co2 cos 0) — j “

+  f  W cos $  <f cos 0 sin (2co2 cos 0) — — ^ .I 2 cot J
Again, on

hence

0P

1 OPa, _  , v,_i |W  COS (f)
a sin 0 d<p [ ](2 s +  1) (2 s+ 3 )

1 OPjto—i _  / y - i  |W  sin eft
a sin 0 d<p (2s-}-l) (2s +  3)

3coW
r sin 0 0^>/r=a (2co2)2

and from (25) we now have

cos (f>. S1(2co )̂ +  sin 4> -{"S \  (2co2) — 1L 2cot J

(w')r==a =  fW  sin 4> -j~sin (2co2 cos 0) — cos 0 J~

•fW  cos 4> cos 0 -{ cos (2 cos 0) — ^ ^tt*'
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If we graph the functions (w')r = 0> W for a constan t value of <f>, i t  
is found th a t they  exhibit the same general characteristics as are indicated 
by diagram s V (A) and VI (A). If, however, we denote by  and  the 
tangential components of the  velocity of the  liquid relative to  tbe sphere a t  

points on the sphere, we find th a t

u" =  fW  sin (f> sin (2to tcos 0) — fW  cos (f> cos 0 cos (2c cos 6),

v" — f W  sin 4> cos (2<o£ cos 0) - j-  | W  cos </> cos 6 sin (2co cos 6).

Thus u",v" are the components, in the tangen t plane a t a point of the sphere, 
of a vector through the po int which has com ponents —f  W  cos (2  cos 0) 
parallel to Ox and W  sin (2c at cos 0) parallel to  the line obtained by  ro ta ting  
Ox through \n  about the radius vector.

Consequently, a t a point on the sphere, the relative velocity of the  liquid 
is the component in the tangen t plane of a vector of constan t m agnitude fW  ; 
this vector passes through the  point of the sphere in  question and describes a 
right circular cone, drawn inw ards from  the  point, w ith  angular velocity 
—2co cos d ; the axis of the cone is the  radius vector th rough the  point and the 
initial position of the vector is opposite to  the  direction of projection of the 
sphere.

I t  will be noticed on reference to  § 9 (A) th a t  th is description also applies to  
the m otion in the case of projection parallel to  the axis of rotation.

Finally we notice th a t the com ponents of vorticity  tend  to become large 
with time ; hence, as in the previous problem, the solution only represents the 
true state of the liquid for a restricted time.

Rotating Liquid at Right Angles to the Axis o f Rotation. 301
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