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292 S. F. Grace. FreeMotion ofa a

The expressions
sin 2cof . cos 2cof  sin 2coH

Jo 2 2cot (2cof)2  (2c0#)31
=3W _St(2cop 3W (sin 2c0f
8co 2oit 4 o 20f

3T Jlf cos 2coi  sin 2coG
o L 2c <f2co |
_3W /sin 2aE
4co \  2cof
give the position of the centre of the sphere at time t; from them Diagram I11
has been constructed to indicate the form of the path of the sphere from
t= 0to 1<2T. The points 1, 2, 3, ... 15 represent the positions of the centre

of the sphere for 2cof = 1, 2, 3, ... 15 respectively.
The path is seen to take the form of a spiral, the pole of which is at the point

whose co-ordinates are

X = — dt= = %-ZWT = 0094WT,

4 Jo 2af 1600

WT =-0119 WT.
4 o 8 n

The sphere revolves about this limiting position in a direction opposite to
the rotation of the undisturbed liquid, the period of a revolution tending to
become 4 T ; the distance of the centre of the sphere from the limiting position
continually decreases, the order of decrease being ultimately 1/2cob

Velocity of the Liquid.
8 7. Considering for a moment the general motion of the liquid we see from
7 (A)that
Mg»+1 + Mfe-l = — dx ~ N~ 1y S>0,

and, on substituting for PXZand PZ-i, we obtain

M2s+1 + U2s-1 5>0,
and since

we have

and
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Velocity of theLiquid on the Axis of the Sphere.

§8. On the axis of the sphere 0 is zero or n, so that
PX= P2S-1 —0, 0,

and wizero also, or the motion is wholly perpendicular to the axis. Further
since the motion is symmetrical with respect to the equatorial plane, it is only
necessary to consider one of the values of 0, say 0 = 0.

Putting X— a/r, we have

v = _ /dPg»-i\ = sin /& VN [cos £8P i\
ty 4=o r V30 4= rsin 0 tif
= 0, s!>0.

Again, from 7 (A),

+ = _lcoo* 3P?
r \00/9=0 \rsin 6 df> e=0

4 COS+ /3Pa»-i\  __, sin P 3P2A_1
r \ dd 4=0 \rsin0 3£ 4=o0
= - 2WA (A*T*i2i + ™+ 2T2s+2>), =0, , > 0.
But
(To* 2*4-0= - . h.3-5-—t2*- 2)i"i_ + 1FC
e 0 2 (2s+|) 25(«-1)]1 U +1,tl
4 (25+ 1) (25+ 3)"
1.3
4-)85(25+1)
*=°= - 2¢r o f ir - >1- s+ 3>c*
, (2»+ 3)(2s+ 5).» 1
1.3 J
xyp 3D
)"+ 5 25 + 3)
Hence
*Wi+ %-i = (—y+13W py SEL
° =) 25+ 1 25+ 37270

and from this sequence

i+ (~)gr = (DSHI3W (- A3- i + 1 AMM
(=)9 = (3 2% f- 3 !/,
so that
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294 S. F. Grace. FreeMotion of a Sphere in a
Again
R 3P2.-1
25— "5 dxio =0
_ S A251 3w 5+ 1 A*3
= ()*- ) A5+l '
CIF-I3Wosr 1t (Y 5 s s 1™ 60 73
_()+t3wyr q St g
2 \2s+| 25 -F 3 S0
Hence
SWv o (O)*+1 g Ms+ S A2a+s)\
U=T X8=0 2s+1 25+ 3 [ 2s!
BWA/sm2~_cos 2Ac? 1+ oI 2 1
4\ 2/ 1 (2:kvf)2i_
3WJ« ia3_ 0 1 _ 2ac0?
4 U 3 “r @o2 O
ow+ (V(st1)Aw (2c0?7)2atl-
sc0 7 25+ 3 (25+ 1)

;%w;.» (Lsin 2Xat + cosf 2+ |
2Ac0?

QA2

3W a2q, /2aco?
T r2n1 \

Diagrams 1V and V respectively represent the variations of the functions
u, vwith rand t. In IV the values of W are plotted against those of rja ;
the separate curves 0, 1, 2, ... 10 correspond respectively to times given by
20?= 0,12 ..10, 2c0?= 10 being roughly equivalent to ?= 0*8T.
Diagram V is constructed in a similar manner with the ratios vfW.

For large values of t we may take

u——fWw (A+ A3)cos 2Ac0?, v = fWA2sin 2Ac0?,

showing that the motion on the axis persists with time; at any point the
velocity components are oscillatory, the periods tending to the value T/2A. At
a great distance from the sphere, i.e., for small values of A we may further take

u— —|WA cos 2Ac0?, v 0,

since the value of v depends on A2

The magnitude of the disturbance tends to zero as the distance from the
sphere increases, the maximum disturbance occurring on the sphere.

If we compare the above expressions for u, v with 21 (A), which gives the
velocity of the liquid along the axis for the parallel motion, and compare also


http://rspa.royalsocietypublishing.org/

Downloaded from http://rspa.royalsocietypublishing.org/ on August 19, 2018

Rotating Liquid at Right Angles to the Axis  Rotation. 295

Values of tya

Values of AIQ

IV, V with Il (A), we note the same general characteristics, but in the
latter case the maximum disturbance takes place in the' neighbourhood of
r=1I1-7a.
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Velocity of the Liquid on the Equatorial Plane of the Sphere.

§9. On the equatorial plane we have 6 = \n, so that

A2sH] — & peo T 00 g 05
wx
and there is no motion of the liquid across the plane.
Again
*:0
- -1lw [
=X~), 1e3e52;¢ f ~ 1A - I*ysin 4>cos < s>0,
ro= fw Msin €cos <
and
v2sil + A2s-l Sn ™~ -~ 7™ +COSO Mi-5iai”™.™ o
_ \gfI3W fe3.... (25 1) 7"s+1 , \m—+ 1
' 2 2s.5i = ' 2m+1°w'l
= (~)sH - 137y A(L- A2 [AR(1—A)*cul,
s> 0,
-W i 23-2
% | £*"}m
so that, s> 0,
«»H = (—%i| was|i +i<i_>)+i=|(1 - »?2+ ...

1.3....(2s-1) ¢4 _ .
+ 2.4 ... 25 (- A9

(-)*+HL3WE R|1 +i (1- A+ 1- A2+ ..
+1-3. ... (2s-_1)@_ p)sT”
A 2.4....28 VvV J
Or, putting
LUY =i+ Ja- a)a|=[(- af+ - + 17 ;45220 -")"
we have
«s,H = (-/1H#1fW A Y, (A - 2£ AdO0) A, S> o
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Considering the coefficients uZ, we have

. 3P2 " cos b
Us—  f2s+l sin < dr r af) I=0
_ . mH . Y 1.3....(25-1) 2m, 290 1
= FSWsinzd )T e s m 4 1)1 2m -l
*s+l 1.3....(25—1) 1
2s(m—ND!(s —m-j-1)! 2m + 1
= (-)"?w | as/,(A)-2 [}?2f,(X)dI
-(-)*! Wsin24 A1 -
+ (-).|w 1-3-2v(» — N f%12(i-A 2)-<M, s>o,
with
M= |WU3cos24— JWA3.
From these expressions for us, vs we find, taking/0(A) = 1, that
w_ VO u ttuty
U~ 2's=0 8 8\
= ™ ’ -)e - : -
2 7R0() A% (A - 3W TG AC)SAE (A A
fWA3sin2<$.J, & (l TA2)}+ fw (*A2.J0{2co*Vv/(l- R)}A, (23)
o
and
3w
v—207
2 *1.(*)
-3wfE C of(-),+* . (A )|r9
+ fWAS3sin $cos £.J0 — A}, (24)

where JO{20it\/(1 — A)} denotes the Bessel function of zero order.
For convenience in the discussion of the expressions (23) and (24), we write

u= ux—fw A3sin2 <f). J0 {200t/ (1 — A},
v= + fWAS3sin 4>cos ¢.J0{26"/(1 — A},

uy being the portion of the expression for u which is independent of < vxthe
portion of v independent of <
From (23) and (24) the values of U, v have been evaluated numerically for

2c0f = 0,1, 2,... 10 and values of rla— 1/A between 1 ar
U the method has been to evaluate
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208 S. F. Grace. FreeMotion of a Sphere in a

Here it was found necessary to work to eight figures and use was made of an
arithmometer. From the results the values of

were obtained by numerical integration. The values of JO{2co™/(l — A)}
were computed from tables and f A2.J0{20t — A)} d% obtained by
Jo

numerical integration.

A similar process was adopted to evaluate

From the results the Diagrams YI, VII and VIII have been constructed.
Diagram VI represents the variation of uv the various curves denoting the
variation of ujw with rja for 2<of£ = 0,1, 2, ... 10. Diagram VIl denotes

Values of VQ


http://rspa.royalsocietypublishing.org/

Downloaded from http://rspa.royalsocietypublishing.org/ on August 19, 2018

Rotating Liquid at Right Angles to the Axis of Rotation. 299

similarly the variation of vv  Diagram VIl gives the variation of
|A3.J0{2c0f \f(I —A)} ; this function has the value 1-5 for A= 1 for all
Values of Va
The functions uvx tend rapidly to zero away from the sphere, indicati

that the disturbance of the liquid is practically confined to the immediate
neighbourhood of the sphere, but not to such a pronounced degree as in the
motion parallel to the axis of rotation. The disturbance at any point attains
a maximum value before tending to zero, the time of attaining this maximum
increasing with the distance from the centre of the sphere.

Velocity of theLiquid at Points on the Sphere.

810. Expressing the dynamical equations 3 (A) in terms of the spherical
polar co-ordinates r, 6, <5 we obtain

cu
— 2¢0?/ cos0 = ap
ct rdd’
dv .
+ 2aom'sin 6+ 2c0 cos 0 (25)

rsin <

- 27'rin 6=
ct dr’
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and, on the sphere, the radial velocity {w) is given by

(w)r=a= U sin 0cos o+ V sin 0sin<
= § W sin 0 {cos <£S\ (2cat) — sin £Sx (20>£) }/2¢

Now
Qey = (—)f Wsin 0sin {juB . s> 0,
dr Jr=a r (2s+1) (2s+3) j
2p2£"|3 f W sin 0 cos €j /c2s- 1 _1 ,
r_a [ (2s+1) (2s+ 3)J
and
_ ow y°® [/SPA
drir—a A s=0\s!
=20| Wsin Osin & (—)j ! 1(20%)2
(2s+ 1) (2s+ 3)j 2s!
. 1 @2 &1
2co ~ Wsin 0 cos ) t>£( ?]5 §
2 ®+ ( (2s1) (2s+3)J (25s—1)!
= 3wW sin 0 {sin ¢>cos (,«2cof) 4* cos <cos $ sin
+3coW sin 0 cos 0 {S,1(2c0™) — 2SX(2co£)/2cof}/(200£)2
— 3coW sin 0 sin <&. Sx(2cof)/(2cof)2,
so that
!/ N _ 1 /Sir' . 0P\
N'r=a~2co sin 0\ 02 2O f/r-a
— fW sin 0 ~ cos (2co2 cos 0) — j«
1 - AN
+ fWcos $ ﬁfcos 0 sin (2c02 cos 0) ot ]
Again, on
1 OPa _ , v, i W a5 ()
asin 0 ap [ 125+ 1) (25+3)
1 OPto—+_ [/ y-i W sin et
asin 0 dp (2s-}-1) (2s + 3)
hence
OP 3coW . S1(2co™) + sin 4>JES\ (2c02) — il'
r sin 00">/r=a (2c02)2 2cot

and from (25) we now have

w)r=a = fW sin 4>-j~sin (2c02 cos 0) —cos 0 >

*fW cos 4>cos 0 {cos (2 cos 0) —~" Att*'
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If we graph the functions (w')r=0> Ydr a constan
is found that they exhibit the same general characteristics as are indicated
by diagrams V (A) and VI (A). If, however, we denote by and the
tangential components of the velocity of the liquid relative to the sphere at
points on the sphere, we find that

u" = fW sin @sin (2to tos 0) — fW cos ¢cos 0 cos (2¢c cos
v'— fW sin 4>cos (2<of cos Q) -j- [W cos <>cos 6 sin (2co cos 6).

Thus U\are the components, in the tangent plane at a point of the sphere,
of a vector through the point which has components —f W cos (2 cos 0)
parallel to Ox and W sin (2c atcos Q) parallel to the line obtainec

Ox through \n about the radius vector.

Consequently, at a point on the sphere, the relative velocity of the liquid
is the component in the tangent plane of a vector of constant magnitude fw ;
this vector passes through the point of the sphere in question and describes a
right circular cone, drawn inwards from the point, with angular velocity
—200 cos d ;the axis of the cone is the radius vector through the point and the
initial position of the vector is opposite to the direction of projection of the
sphere.

It will be noticed on reference to §9 (A) that this description also applies to
the motion in the case of projection parallel to the axis of rotation.

Finally we notice that the components of vorticity tend to become large
with time ; hence, as in the previous problem, the solution only represents the
true state of the liquid for a restricted time.
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