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where

C /23> fzZi>112) a ® » (11451 24>c/34) E

0 A23>/7315 Pio)w ; (~14, n34)

From the condition of symmetry Tlic= TH follow in three dimensional
notation the conditions:
BxH +DXE=20 (A.2)

HxXxE=B xD. (A.3)

These equations form necessary conditions for any relativistic invariant
field theory.

In the classical theory we have seen, that every Lagrangian L (F, G),
which is a function of two world invariants
F=B2—E2 G = (B.E),
leads us to an invariant field theory. We ask, given
L(B2E2 (B.E)) or U (B2 D2 S2 (A.4)

as arbitrary functions of three space invariants (most general space
invariants), what are the necessary and sufficient conditions which
must be added to L or U in order to obtain from them relativistic invariant
field equations ?

The following calculations carried out simultaneously for L and U
will give us an answer. We denote

B2= p; D2= $; E2= e; B.E)= y= G;

S2= p§ —(B.D)2= (7 (A.5)
and derivatives with respect to them by suffixes. Therefore, we have
d$ = 2(B. dB); dS= 2 (D .dD);
da = 2B2(D .dD) + 2D2(B .dB) —2 (B . D) {(B .dD) - (A.6)

+ (D.rfB)} j

We always have for dU and dL

dU =(H .dB) + (D .dD)
dL =(H .dB) - (D .dE).

The first equation is a consequence of (1.16), the second follows from
the definition, U = L + (D .E). On the other hand we have with
respect to (A.4) and (A.5)

du = fp + Usd8 tAldaya

dL = Lpdfl + Ledz -J- Ly dy. (A.8b)

(A
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Putting (A.6) into (A.8) and comparing coefficients with (A.7) we obtain

H = 2UpB+ 2UF{DB - (B.D) D}
E=2UD+ 20 (BD - (B.D)B} (A.92)
H=24B + LyE; D= —2LeE —LvB. (A.9b)

We want now to investigate, whether the conditions (A.2), (A.3)
which express the symmetry of the energy-impulse-tensor are fulfilled.
Putting first (A.9a) and then (A.9b) into (A.2) we find, that (A.2) is already
satisfied. By the same treatment of (A.3) we obtain respectively the two
differential equations

Us Us -f- Wo- (pUp -j- SUs + ffg) = \ (A. 10a)
Lp+ Le= 0. (A. 100)

We begin with the discussion of (A.10b). Its general solution says
that L is an arbitrary function of p—e and y. But these are just F, G.
Therefore, (A.10b) is the condition for relativistic invariance of the field
equations derived from L. (A.10p) and (A.3) are entirely equivalent,
so are (A.10a) and (A.3), therefore, also (A.10a) and (A.10p). In this
way we obtained the answer: (A.3), (A.10a), (A.10b) represent three
equivalent conditions, each of them being necessary and sufficient for
the relativistic invariance of the field equations.

It would have been rather difficult to write down the general solution
of (A.10a) and to prove that it is the T4component of the energy-
impulse-tensor. Therefore, it was necessary to consider L.

Appendix B to§ 3—Let us suppose N and P to be ~-numbers
power series of other ~-numbers, say, a, [3 y. We can then prove, by
means of induction, the following general formula:

[NNP(«, BY)]=|?[N,«] + ! [N, pl + 1?7 [N,vVy], (B.h)

The differentiation of P (a, p, y) with respect to one of the “-numbers
a, p, Yy is to be understood in the following way: P is, as we supposed,
represented by a (finite or infinite) sum of terms each a product of powers
of the ~-numbers a, p, y; then by the operation 3P/9a there disappears

one factor ain each term and we understand %; [N, a] as the substitution

of [N, a] at the place where a stood before the differentiation.
We shall now specify the formula (1.4) for

7Gdv= M(
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and for
[g dv=1Ix
In the first case we find, by putting G = —z in (1.4
[M,, [ Fefe] =
+J(d-jd, d-sd,)* (B2)
where
K=yTz-fy * °r L=r1 XV’ (B:3)
and in the second case by using (1.15) and (3.2)
L Fad=\, gupsn (aB,Ez- OB, E") dv
(B.4)

We shall order the further calculations in the same way as the results
are formulated in 8 3 of this paper.

1 We omit here the proof that mQGommutes v
as the commutation rules for m0 can be easily calculated from those of
p and W with the help of (B.I).

2. From the commutation rulesfor W we shall prove here only

W, M] = 0 (B.5)
[W, gJ= gx = PxW~\ (B.6)

as the others are either easy to check or have been already calculated in 1.

(@ Applying (B.2) for jF dv= W, ie, F =
LU danishes,
M,W]= jBxH) + j(D XE)dv. (B.7)

From (A.2) follows (B.5)
(b) Proof of (B.6)—From (3.2) and (1.12a) we have

wy =jx* (B.8)

VOL CL—A M
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The conservation laws are valid here exactly as in the classical theory as
we got the same field equation; we have proved it also in (1.20):

= ~dvS, (B.9)

therefore by partial integrations
[W, U = Px (B.10)

and from the connection (3.1) between g and \ follows (B.6).
3. From the other results, collected in the table, we shall prove only

the following:
(B.1I)
M My = - Mz, (B.12)
Rl B [M,pPy (B.13)
» B [M, o : (B.14)
fox, Qv W2 (B.15)
{a Proofof (BAI):
2 [Pkee] =w I[Pk y + ip*y w-i.
From (1.13a) we have:
P>y = j*8[pkU] dv = —ixs

(al= X; X2 —y,; =

(6) Proofof (B.12) and (B.13) can be performed in the following
way: we put in (B.2) F = — for proving (B.12)
and F = S* F = S, for proving (B.13).

(c) Proofof(B.14)—From (B.2) we find
[M, g = - jrLUdv+jr{(B x H) + (Dx E)}dv, (r- ?), (B.16)

and with respect to (A.2) we have
[M, g = —f(rLV) wB.17)

and therefore
[Mn y = 01 [m ” y = - y (bIS)
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and from this follows immediately (B.14).
(d) Proofof (B.15)—We want to show next:
K,y = Ma (B.19)
We have, according to (B.4), choosing F = y U,

[?,y = | Xxy-™ do+ 2 fy (H,E, - HJE.) do. (B.20)

In the classical theory we got the result
S= DxB = ExH. (B.21)

This result is connected with the Lorentz invariance of U (see Appendix A)
and is also valid for the chosen functions (1.8). We can, therefore, write
for (B.20)

and applying the conservation law we find

[y y = ((xS,- ySJdo= M,. (B.23)
We have now to put in [ gxqy] the expressions for gx
tions of = Band W-1. We get in this way four expressions of whicl
we shall calculate only one here, ie.,

i WSy WSy =0 (WHYyw-I5 - W-Awe-ly. (b2

As, according to (B.10) and to (B.Il), we have

[W-\E] = - W"2, (B.25)
we get
[W-*y w-iy = w-1k,, y W-1- W-"W-V, + w-%w-*Px
= W-MZ- W-i (» - y>]J W-2 (B.25)

and as (£,/>* — EyPx) commutes with W, we find
[W-iy WAy = W-2MZ- W-2(gxPy - qvPX).

Calculating in the same way other partial expressions of [gx, qy], we
finally obtain

<\ = W-2(M 2- (ppy — = = sz2W-
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All other results collected in the table can be easily obtained from the
formulae given here and we shall, therefore, not calculate them.

Appendix C to§ 5—We have to calculate
M* ~ Q)= WZ. - Zayy (7K — Koz) + (&K -
—AD—A2+ K, (C.I)
where

aZB=?2»?. - U,° 8 (?,°W->«, - W-"«a9,0),

A= q°Z, - w f (DW=, - W->arf «).
(«) Calculation of AZ3

Nes= (W 1- W-V) “3 (C.2)
In (5.7) we have
Wg° - g°W = | a. (C.3)

Multiplying (C.3) by W~2(on the right side) we find
WQ°W~2- gW-1= T«W-2= %W~ ; (C4)

(a commutes with W2 and, therefore, also with W 2.
It follows from W2= p2+ mf and from the general formula (B.I)

W2 aq = 2p, (C.5)
and therefore,
[W-2 ¢ = - 2W-4, (C.6)
or
W~2r + WhH = q°W~2 (C.7)

Putting (C.7) into (C.4) we get
Q°W1- W= 2°W-3 - faW-2 (C.8)
and for (C.2)
= W-2[- h-aa3+ » W-1/>4,j . (C.9
Similarly,
2E. - w -{-£«,«,+" w (C.10)
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therefore,
AZB— A= jj a2iB+ yw 10 *a2— Pv19)j. (C.1I)

(b) Calculation of K.

— = W"la2W”™ag W'la3W"la2 (C.12)
We find
aw + Wa= 2
P ) (C.13a)
W-1aw = IpW-1 a1’

and multiplying (C.13a) on the right side by W _1

W-la+ «W = 2pW-~2 (C.14)
Therefore

2K = w-2{ a2*3_w - i _ pa3)}, (C.15)
which can be written in the following form:
K= |w->{-| «a3- Wl - b,)}. (C.16)
Adding AZ —A2and K we get

gz - qf="w-2

Summary

The commutation rules for the field components are given in a new
form which makes no use of 8-functions. The behaviour of an electro-
dynamical system as a whole is described by a set of integral quantities:
total energy, total momentum, centre of energy, total angular momentum.
These quantities satisfy commutation rules which can be derived from
those for the field components. The chief result is that the co-ordinates
of the centre and the components of the total momentum are connected
by the same commutation laws as in quantum mechanics, and that the
components of the momentum commute; but the co-ordinates of the
centre do not commute. All these results are connected with the Lorentz-
invariance of the field equations. The laws of the motion of the centre
can also be written as a Lorentz-invariant set of commutation relations.
There is a close relation to Dirac’s theory of the electron; for the even
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parts of the commuting co-ordinates used by Dirac do not commute,
but satisfy together with the momenta and the total angular momenta the
same commutation rules as the co-ordinates, momenta and angular
momenta of the electromagnetic theory. The electromagnetic inner
angular momentum plays an analogous role to that of Dirac’s spin; but
it has a real physical meaning and is not restricted to the eigenvalues *

Commuting Co-ordinates in the New Field Theory
By M. H. L. Pryce, Trinity College, Cambridge

{Communicatedby J. E. Lennard-Jones, F.R.S.—Received January 24,1935)

l— Introduction

In the preceding paper Born and Infeld introduce, besides the energy
W, the momentum p and the angular momentum M of a closed electro-
dynamical system, also the co-ordinates g of the energy centre, defined

by
= etc., (1.1)
where

= | XP4dv, etc. (1.2)

From these they derive an inner angular momentum, s, which is a property
of the system, independent of the choice of the origin. These quantities
have simple transformation properties: p and W form a four-vector
Pi; £—p tmd M together form a six-vector ; Ws and —s-p form

the four-vector siy given by s{ =  Mki*gMy

{PX,P*Pz,Pd" (- P, W)
(md,m&Z mB" 5—p A
(V2> M3L M12) smM

L, "2 "3,Sd (WS, - SP)

The components of g do not commute with one another but obey the
following commutation rules,

=, g]= W-2 et (1.4)
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