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Introduction

In a previous paper (Jahn and Teller 1937) the following theorem was 
established: A configuration of a polyatomic molecule for an electronic state 
having orbital degeneracy cannot be stable with respect to all displacements 
of the nuclei unless in the original configuration the nuclei all lie on a straight 
line. The proof given of this theorem took no account of the electronic spin, 
and in the present paper the justification of this is investigated. An extension 
of the theorem to cover additional degeneracy arising from the spin is 
established, which shows tha t if the total electronic state of orbital and spin 
motion is degenerate, then a non-linear configuration of the molecule will be 
unstable unless the degeneracy is the special twofold one (discussed by 
Kramers 1930) which can occur only when the molecule contains an odd 
number of electrons. The additional instability caused by the spin degeneracy 
alone, however, is shown to be very small and its effect for all practical purposes 
negligible. The possibility of spin forces stabilizing a non-linear configura­
tion which is unstable owing to orbital degeneracy is also investigated, and 
it is shown that this is not possible except perhaps for molecules containing 
heavy atoms for which the spin forces are large. Thus whilst a symmetrical 
nuclear configuration in a degenerate orbital state might under exceptional 
circumstances be rendered stable by spin forces, it is not possible for the 
spin-orbit interaction to cause instability of an orbitally stable state.

1—General theorem for molecules with spin

Just as before we must see how the symmetry of the molecular framework 
determines whether the energy of a degenerate electronic state with spin 
depends linearly upon nuclear displacements. This is again determined by
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the existence of non-vanishing perturbation matrix elements which are 
linear in the nuclear displacements. These matrix elements are integrals 
involving the electronic wave functions with spin and the nuclear dis­
placements, and we deduce as before from their transformation properties 
whether for a given molecular symmetry they can be different from zero.

We will see that if the molecule contains an even number of electrons then 
the transformation properties of the integrals involving the electronic wave 
functions with spin are identical with those of the corresponding case 
involving only orbital wave functions. Thus the previous theorem proven 
for orbital degeneracy holds also for spin degeneracy if there is an even 
number of electrons. For an odd number of electrons with spin, however, 
the transformation properties of the integrals differ owing to the two- 
valuedness of the spin wave functions. A special investigation is needed here 
and shows that in the case of an odd number of electrons with spin electronic 
states with twofold degeneracy can exist which are stable with respect to all 
nuclear displacements. This is in accordance with the results of Kramers and 
Wigner, who have shown that such twofold degeneracy cannot be split by 
any electrical forces. For electronic states which are more than twofold 
degenerate, however, we show that there always exist non-vanishing 
matrix elements which are linear in a t least one set of non-totally symmetrical 
nuclear displacements, unless all the nuclei in the molecule lie on a straight 
line. Thus even if the degeneracy arises from the spin a non-linear poly­
atomic molecule cannot be stable in a degenerate electronic state, excepting 
this degeneracy be the special twofold one of Kramers and Wigner.

2—Mathematical formulation and group-theoretical 
CONSIDERATIONS

The linear matrix elements whose transformation properties we have to 
investigate are integrals of the form

jV*Fr 5M t,

where the <f>p, (f)(J are electronic wave functions with spin and the Vr are 
functions of the electronic space co-ordinates alone. (A star is used in the 
following throughout to denote the conjugate complex.) The indices <r 
refer to independent wave functions of the degenerate energy level and we 
denote as before the representation of the molecular symmetry group sub­
tended by these functions by 0 . The index r refers to the independent 
normal nuclear displacements and we denote the representation subtended

 on July 19, 2018http://rspa.royalsocietypublishing.org/Downloaded from 

http://rspa.royalsocietypublishing.org/


by the Vr by V In  the case of orbital degeneracy the wave functions <j)p 
could be chosen real and the integrals transformed according to the repre­
sentation F[<Z>2], where [0 2] denotes the representation of the symmetrical 
product of 0  with itself. I t  is our purpose to show th a t in the case of an even 
number of electrons with spin the integrals still transform according to  the 
representation F[0 2], whilst in the case of an odd number of electrons with 
spin they transform  according to  the representation F{0 2}, where {0 2} 
denotes the representation of the antisymmetrical product of 0  with itself.

To establish this we make use of the properties of the symmetry operation 
of time reversal which have been investigated by Wigner (1932). He showed 
th a t for electrons with spin this operation has different properties according 
as the number of electrons in the system is even or odd, and it is this fact which 
gives rise to the different behaviour of the integrals in the two cases. We will 
further make use of the results of the fundam ental work of Frobenius and 
Schur (1906) on the real representations of finite groups. They investigate 
the properties of representations which leave a certain form O invariant, 
and we will show th a t this form G has the same properties as the m atrix (K) 
representing the operation of time reversal. This enables us to  write down 
almost a t once the relations we need from the results of Frobenius and 
Schur.

Wigner shows th a t the operation K  of reversing the time is a non-linear 
operator for the wave functions, acting as follows upon a linear combination 
of any two wave functions <f> and ijr:

K(a<fi + bi/r) =  a*K<fi + b*Ki/r.

He further shows th a t the  operator K  commutes with the operator R  of any 
spatial rotation or reflexion (i.e. sym m etry operation)

K R  =  R K .

Using any complete set of independent wave functions of an energy level 
the operator K  can be represented by a m atrix which we will denote by 
(K). Owing to the non-linearity of K  the operator K  and its m atrix (K) do 
not obey the same commuting rules. Thus if

R<l>p = lLEVp<t><T<T

a n d
cr

KM<f,p = =
<r cr r

RK<f,„ =  =
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from which we deduce, since K R  = R K

1 K A K U  =  2
cr (r

or {(K)R*}tp = {R(K)}tp,

i.e.

(There is no need to  distinguish between the operator R  and its corre­
sponding m atrix since Ris a linear operator.)

Now Wigner shows th a t if the number of electrons is even then

(a) K2 =  +  1, 

whilst if the number of electrons is odd

(b) K 2 =  -  1.

The relation ( K)R* =  R{K)

gives (K )2 R*(K) =

from which we deduce in both cases

R*(K)  =  R

or (c) R'(K) R  =  ( ),

where R'  denotes the transposed m atrix and we have R*R' = E , since R  is 
unitary.

The relations (a), ( b) and (c) are identical with those postulated by 
Frobenius and Schur for their invariant form O, and we can hence make use 
of their results directly by identifying our ( ) with their G. They show th a t
in case (a) i.e. when (K ) 2 = E  the independent vectors subtending the 
representation (or the wave functions of the energy level) can be so chosen 
th a t ( K )is identical with the unit m atrix E  and the matrices R  (and con­
sequently the wave functions) can a t the same time be chosen all real. Thus 
in the case of an even number of electrons with spin the results are the same 
as when there is no spin present and the Unear m atrix elements

J V ? s W r = = i

subtend the representation F[0 2] as described in the previous paper. In  
case (6), where ( K)2 = — E,Frobenius and Schur show th a t the independent 
vectors subtending the representation 0 , which they show must now have 
an even number of dimensions (say 2n), can be chosen so that:
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First, (K) is the matrix

0  - E

E 0

where E  and O denote the unit and zero ^-dimensional matrices respectively. 
We may express this by putting

where p = + 1 if pis positive and = — 1 if p is negative. (Positive values of p 
number the first n rows and columns of the representation, negative values 
the last n rows and columns.)

And secondly, the matrices M for the rotations or reflexions R  of the 
group

Now from Wigner’s results we deduce tha t since the Vr in his terminology 
are real (they do not involve the spins) we have the relation

K ( t>P =  P<l>-p>

<f>'p = 2  R <rp 0<rO'

can be so chosen tha t

A B
R =

- B *  A*

or P*p ~ ^PR—<r,—p‘

i.e.

= (K 4>p, k v m *,

But from the above relations we find

Thus the integrals satisfy the relation
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This relation can be written in the form

|V p  Vrdr = -pcfj 0 ,  dr

or - p U l i r f a V 'd T - e f t l ^ V 'd T .

Introducing the abbreviation 

we then have

jfipfoVrdT = - j f v ^ pVr dT ^ { iI f /p <T- f a<j)p)VrdT.

Hence if we can show that the i]fp transform according to the same representa­
tion 0  as the we can conclude tha t the integrals transform according to
the representation V{0 2}.

Now from the transformation formulae

Pp =  1 B <rp$«
O

K P = »PB- r. - P,

(<!>*)' = I K P<t>t
O

= P l » B - , , - p 4>t
o

=  P l ( - Z ) K . - p > f > * „
O

(<f>*pY = -PK-»)Kp</>*-r
o

( - / ¥ - , ) '  = 2  0-„)>O

rp = i K p t „O •

so that the \]rp = — p(j)*L.p do transform according to the representation 0 . 
One verifies then easily th a t

Vp ft - ft ft = 22 i (Sp. -  Rpt  B„.) (ft, ft fta p

follows, since

so that 

or
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so th a t the spur of the representation subtended by the products

is given by
f p  t 'r -fta & p

22  %(Paa Pfifi ~  Pa.fi Pfia) =  £(2 Paa 2  Pfifi ~  2a ft a ft a

« x 2(-R )-x (^ 2)}-

This is the spur of the antisym m etrical product representation {02}.

We have thus shown th a t the integrals J <j)(TVr dT and consequently the

integrals transform  according to  the representation V  {0 2}, for

an odd num ber of electrons with spin.

3— P roof of general theorem for molecules with spin

We have seen th a t if the molecule contains an even num ber of electrons 
with spin the results obtained in P a rt I  apply w ithout modification. Thus 
we need consider only molecules containing an odd num ber of electrons. 
For these the electronic wave functions w ith spin transform  according to  
two-valued irreducible representations of the  group of sym m etry and for 
the purpose of establishing our theorem we fist below in Table I  the two­
valued irreducible representations of all the point groups. The two-valued

Table I— Two-valued irreducible representations of the

POINT GROUPS

D rCO
OL,

E  B  2(7(0) C 2
E  R  2(7(0) <rv

02 —2 2 cos— 02

E \ 302 —2 2 cos—  02

2Z+1 .
-®2l+l 2 —2 2 cos—~—0 0

:
2

(0 <  <J><4tt)
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T a b l e  I — ( )

D'-iv+l
^2V+1, V

E
E

2C
2G

. 2C P
. 2GP

2C P+1 
2 C p+1

.. 2C2p 
.. 2 C2p

2pC2
2p<rv A

 .
Q

B[ 1 - 1 -  1 .. ( - 1 ) * 1 .. ( - l ) ^ 1 i — i
B'_ 1 -  1 -  1 .. ( ~ l ) p 1 .. ( - l ) * + i — i i
E[ 2 - 2 — 2 cos c; .... ( —l)p2co 2 cos .. ( — l ) 3>+12cospw 0 0

K 2 - 2 — 2cos2 (o .. ( —l ) 3,2cos2 2cos2 . .. ( — l ) 3,+12cos2p<y 0 0

K 2 - 2 — 2cosp<y ..,. ( — l ) p2cosp2c; 2cos . ( — l ) 3,+12cosp2a» 0 0

2 rr

B[ and B'2 are conjugate complex, taken  together they  give

K 2 - 2  - 2  . . .  2 2(_i)J>+i o 0

E R 2 C 2 C2 .. Cp 2 Cp+1 .. pG2 PG2
CtPyV E R 2 C 2C2 ... Gp 2 Gp+1 .. p(Tv P<
Sr2p>v E R 2 S 2 S 2 ... S p 2SP+1 .. pcxv pC2

Ei 2 - 2 0J2 cos — 
2

2 cos co ... 0
(O

2 2 cos — 
2

.. 0 0

E l 2 - 2 3co 
2 cos — 

2
2 cos 3c; ... 0

3c;
— 2 cos —  

2
.. 0 0

2
2 - 2 . 2p—l

2 cos-------- oj
2 2cos(2p — 1) co .. 0

2p 1
— 2 cos-------- co2

.. 0 0

277

rpr E R  4 4C| 4 Cl 4C* 6G2

E\ 2 - 2  1 -1 -1  1 0
K 2 - 2  e* — 6 - e *  e 0
K 2 — 2 e -e * — e e* 0

27U
e =
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Table I—(

E'2 and E'3 are conjugate complex, taken  together they  give

125

G' 4 - 4  - 1  +1 +1 - 1  0

0 r
T'd

E  R  
E  R

8 C3

8C3
8 Cl 
8 Cl

6Cl 
6 SI

12<72
12<r

6<74 
6 S4

e>c\
6Sl

E{ 2 - 2 1 - 1 0 0 V2 -V 2
K 2 - 2 1 - 1 0 0 -V 2 a/ 2

G' 4 - 4 - 1 1 0 0 0 0

I T E R 12C5 12 Ci 12C* 12Cj 20(73 20 Cl30C2

K 2 - 2 1-V 5
2

- 1-V 5
2

1 + ̂ 5
2

- 1+V6
2 1 - 1 0

K 2 - 2 1 + *J5 
2

— 1 +
~ 2

1 -V 5 
2

- 1-V 5
2 1 - 1 0

G' 4 - 4 1 -  1 1 -  1 - 1 1 0
r 6 - 6 -  1 1 -  1 1 0 0 0

irreducible representations of the crystallographic groups D2, Z)4, Z>6 and O 
have been tabulated by Bethe (1929), and we have followed his method in 
calculating the characters of the representations of the general groups 
D2p, D2p+1. The characters of the two-valued irreducible representations of 
the icosahedral group I  (and of the groups T  and 0 ) have been given already 
by Frobenius (1899). For completeness we include also the axial groups 
D ^, but following Tisza (1933) and Bethe we do not include the 
groups which are the direct product of the inversion or a reflexion with a 
group already listed, since the representations of the new group can be 
written down at once. In  accordance with Bethe’s method we introduce 
a new symmetry R  commuting with all the symmetry elements and which 
denotes a complete rotation through 2n about any axis of the molecule. This 
element is added to the original symmetry group to form the new “ double” 
group which we designate by an index r added to the symbol of the simple 
group. I t  is to be noted tha t the double group is not simply the direct product 
of R  with the original group since the relations between the elements of the 
latter are also altered (e.g. in Dr2p we have C\ = R, whilst in
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denoting a rotation through tt about one of the twofold axes). The two­
valued representations of the symmetry group are then one-valued repre­
sentations of the double symmetry group and their characters can be 
calculated in the usual way.

In order to establish the theorem we have to investigate whether a mole­
cule of a given symmetry possesses a t least one set of non-totally sym­
metrical normal displacements transforming according to a representation 
V such that F{$2} contains the identical representation, being any two­
valued representation of the corresponding group of symmetry. F is 
excluded from being the identical representation, because, as before, the 
molecular configuration is always taken to be stable with respect to all 
totally symmetrical displacements. Now it is easy to show (see below) that 
the antisymmetrical product of any two-dimensional representation is the 
unit representation, so tha t V{0 %} can never contain the identical represen­
tation for any two-dimensional representation when F itself is not the unit 
representation. Thus we need list the antisymmetrical product of only those 
two-valued representations which are more than two-dimensional and these 
are listed in Table II.

T a b l e  II
A ntisym m etrical product of more th an  

twofold degenerate two-valued
Group representations

T {G'2} = A  + E  + F
T n {G>2} = {G '2} = A g + E g
T d and 0 {G'2} = A 1 + E  + F 2
o h {G'2} =  {G '2} = A lg + E
I {G'2} = A  + H

{ F 2} = A  + G + 2H
{G'2} =  {G'u2} = A g + H g 
{ F 2} ={ /;* } =  A g+ G g

The above mentioned property of the two-dimensional representations is 
established as follows. The character of any group element in the anti­
symmetrical product is given by

M ( £ )  = t o W - x ( t f 2)).

and when Ris a two-dimensional matrix

R = lal 1 ®12\

V 2̂2/ *
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then

Thus X(P) = an  + a22,

X2( B ) =  a\i +  a\2 +  2 au a22,

X(i?2) = af1 + al2 + 2alaa21. 

{Al2}(-®) =  ®lia 22 —®12CT21 =  Det(.R).Consequently

Now the determinant of the two-dimensional matrices is always + 1, since 
they can be expressed as the product of the m atrix of a pure rotation with 
th a t of the inversion, the determ inant of both of which is +  1, the inversion 
being the matrix

Thus a twofold degeneracy cannot produce instability for a molecule con­
taining an odd number of electrons with spin.

Making use of the list of normal displacements of all possible symmetrical 
molecules given in Table I  of P a rt I  it is easy to verify th a t the general 
theorem is true as formulated above. Thus, for example, the aijtisymmetrical 
product of the more than  twofold degenerate two-valued representations 
G', I '  of the group I  always contain the representation H  and molecules of 
the symmetry I  always possess a t least one set of normal displacements 
transforming according to H. Hence always contain the
identical representation, and the symmetrical molecular configuration 
must be unstable in any more than  twofold degenerate electronic state, if the 
molecule contains an odd number of electrons with spin.

In  considering quantitatively the effects arising from the spin we shall 
have to compare the order of magnitude of the changes produced by the 
nuclear displacements in the electrostatic interaction energy and in the spin- 
orbit interaction (multiplett splitting) respectively.

Consider first a non-degenerate orbital state in which a certain symmetrical 
nuclear configuration is stable when only the electrostatic interaction is con-

4—Magnitude of the spin effects*

* The considerations of this paragraph are due to Dr E. Teller.
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sidered. The electrostatic energy in its dependence upon any one normal 
coordinate d may then be approximated by a parabola:

e = ad2.

The constant a may be estimated from the binding energy e0: if denotes a 
distance of the order of the equilibrium nuclear distances we will have

e0 = ar2 or .

Suppose now that this non-degenerate orbital state has spin degeneracy. 
For the symmetrical equilibrium configuration the spin-orbit interaction 
will produce a splitting into the various levels of a multiplett. Since the 
orbital state is non-degenerate and possesses therefore no magnetic moment 
this multiplett splitting will be small, of the order of

_
G l ~  A E V

where I  denotes the spin-orbit interaction operator and A E  the energy 
difference between orbital states for which it has non-vanishing matrix 
elements. Because of the symmetry the lowest level of this multiplett may 
still be degenerate. Suppose this degeneracy is more than twofold: then 
according to our theorem for small nuclear displacements there will be a 
linear splitting of the ground state. The question is whether this dependence 
of the spin-orbit interaction upon nuclear displacements can cause any 
appreciable instability of the original equilibrium configuration. To judge 
of this we must compare its order of magnitude with tha t of the electrostatic 
perturbation described by the parabola above. The spin-orbit interaction 
in its dependence upon the normal co-ordinate d may be approximated by 
the linear relation

e = fid.

The constant fi may again be estimated by considering a distance r of the 
order of the atomic equilibrium distances. The process of bringing the atoms 
together will not change the spin-orbit interaction by an amount greater 
than the total multiplett splitting and we may therefore put

e1 = fir  or /? = ^ .

We find therefore for the electrostatic perturbation
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and for the spin-orbit perturbation

e = — d ,  r

and we see th a t whilst for small distances d the  la tte r perturbation is greater 
than  the first, a t large distances the reverse is the case. Thus each of the 
energy levels into which the m ultip lett levels are split m ay be approxim ated 
for large distances by parabolas which will have their minimum slightly 
displaced from the original minimum (see fig. 1). By equating the two
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F ig . 1

perturbation energies we find a distance d which will give a rough estim ate 
of the  change in the equilibrium distances which can be caused by the spin- 
orbit interaction. We find

d = — r , 
eo

which is a very small fraction of the equilibrium distance. I f  we take the 
binding energy e0 as IV  =  8000cm .-1 and the m ultip lett splitting ex as 
1 cm.-1, the  distance d will have the  order of 10-4A. This shows th a t the 
change of configuration involved is in general so small th a t i t  will be covered 
even by the zero-point am plitude of the nuclear vibrations. Thus for all 
practical purposes the spin in this case produces no instability.

There is the further possibility th a t although the lowest state  of the 
m ultip lett is stable and does not split yet its energy level for small nuclear 
displacements should intersect the perturbed energy level of a higher state  
of the m ultip lett thereby becoming unstable. I t  follows however a t once 
from the above considerations th a t such an intersection of the  parabolas 
from different levels of the m ultip lett is impossible. Thus in no case can the 
spin forces produce instability  of an orbitally stable non-degenerate state.

Let us consider now a degenerate orbital state  and ask whether a nuclear 
configuration which is unstable when the orbital motion alone is considered 
can be rendered stable when the spin is introduced. The m ultiplett splitting 
is here greater, being proportional to  the spin-orbit interaction operator I .

Vol CLXIV—A. 9
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Suppose now that the lowest state of the multiplett is stable for the sym­
metrical configuration in question, being either non-degenerate or only two­
fold degenerate. Because of the orbital instability the energy of some of the 
higher states of the multiplett will show a linear dependence upon the nuclear 
displacement d:

e = /3d.

For large displacements r this perturbation will be of the order of the 
binding energy e0 (energy between different multipletts):

eo = A
and we may easily estimate the distance d a t which this linearly perturbed 
energy level will intersect the parabola of the lowest state of the multiplett. 
We find (see fig. 2) that this distance is less than

eo
and is thus again a small fraction of the equilibrium distances (we may take 
e1 = 100 cm.-1), being, however, greater than the corresponding distance 
discussed for the non-degenerate state. Thus a symmetrical nuclear con­
figuration might under exceptional circumstances be rendered stable in a 
degenerate orbital electronic state, if the spin-orbit interaction is large of 
the order of the binding energy, but it is not possible for the spin-orbit inter­
action to cause instability of an orbitally stable state.

F ig. 2

5—Conclusion

In conclusion, let us discuss briefly the applicability of our theorem to 
crystals. Bethe (1929) has discussed the splitting of the degenerate states of 
an atom when placed in the symmetrical field of a crystal and had discussed 
also the further splitting which occurs when the crystal symmetry is reduced. 
The question could also be discussed by treating the whole crystal as a single 
molecule and applying our theorem. The question then arises why the
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orbitally degenerate inner shells which occur in the paramagnetic crystals, 
e.g. in the rare earth  ionic salts, do not cause instability of the crystal lattice. 
Two reasons may be given for this. F irst, we may show by quite similar 
reasoning to th a t used above th a t the linear splitting of the levels of the inner 
shells is so much smaller than  the binding energy of the crystal which arises 
from the electrostatic interaction of the outer electrons, th a t the change of 
equilibrium configuration involved is negligibly small. Secondly, we should 
note th a t this linear splitting of the inner levels has the same order of 
magnitude as the perturbation arising from the exchange of these inner 
electrons between different atoms of the crystal, i.e. from the possibility of 
the electrons being propagated through the crystal. These translational 
effects have been treated  neither by Bethe nor by us in our theorem. Their 
treatm ent would involve a consideration of the whole space group of the 
crystal, whereas Bethe and we ourselves have explicitly restricted ourselves 
to those groups of symmetry which leave one point of the system invariant.

The author is indebted to Dr E. Teller for very helpful discussion, and to 
the Managers of the Royal Institu tion for facilities granted to complete this 
research in the D avy-Faraday Laboratory.

S u m m a r y

I t  is shown th a t a polyatomic molecule cannot possess a stable non-linear 
nuclear configuration in an electronic state having spin degeneracy unless 
this degeneracy is the special twofold one which can occur only when the 
molecule contains an odd number of electrons. Instability  caused by the 
spin alone is shown to be of secondary importance compared with the orbital 
effects discussed in a previous paper. Table I  gives the irreducible two­
valued representations of all the point groups and will be useful in discussion 
of the electronic states of polyatomic molecules containing an odd number of 
electrons with spin.
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