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Introduction

In a previous paper (Jahn and Teller 1937) the following theorem was
established: A configuration ofa polyatomic molecule for an electronic state
having orbital degeneracy cannot be stable with respect to all displacements
ofthe nuclei unless in the original configuration the nuclei all lie on a straight
line. The proofgiven ofthis theorem took no account of the electronic spin,
and in the present paper the justification ofthis is investigated. Anextension
of the theorem to cover additional degeneracy arising from the spin is
established, which shows that if the total electronic state of orbital and spin
motion is degenerate, then a non-linear configuration ofthe molecule will be
unstable unless the degeneracy is the special twofold one (discussed by
Kramers 1930) which can occur only when the molecule contains an odd
number ofelectrons. The additional instability caused by the spin degeneracy
alone, however, isshown to be very small and its effect for all practical purposes
negligible. The possibility of spin forces stabilizing a non-linear configura-
tion which is unstable owing to orbital degeneracy is also investigated, and
it is shown that this is not possible except perhaps for molecules containing
heavy atoms for which the spin forces are large. Thus whilst a symmetrical
nuclear configuration in a degenerate orbital state might under exceptional
circumstances be rendered stable by spin forces, it is not possible for the
spin-orbit interaction to cause instability of an orbitally stable state.

1—General theorem for molecules with spin

Just as before we must see how the symmetry ofthe molecular framework
determines whether the energy of a degenerate electronic state with spin
depends linearly upon nuclear displacements. This is again determined by
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the existence of non-vanishing perturbation matrix elements which are
linear in the nuclear displacements. These matrix elements are integrals
involving the electronic wave functions with spin and the nuclear dis-
placements, and we deduce as before from their transformation properties
whether for a given molecular symmetry they can be different from zero.

We will see that ifthe molecule contains an even number of electrons then
the transformation properties of the integrals involving the electronic wave
functions with spin are identical with those of the corresponding case
involving only orbital wave functions. Thus the previous theorem proven
for orbital degeneracy holds also for spin degeneracy if there is an even
number of electrons. For an odd number of electrons with spin, however,
the transformation properties of the integrals differ owing to the two-
valuedness ofthe spin wave functions. A special investigation is needed here
and shows that in the case ofan odd number ofelectrons with spin electronic
states with twofold degeneracy can exist which are stable with respect to all
nuclear displacements. This isin accordance with the results of Kramers and
Wigner, who have shown that such twofold degeneracy cannot be split by
any electrical forces. For electronic states which are more than twofold
degenerate, however, we show that there always exist non-vanishing
matrix elements which are linear in at least one set ofnon-totally symmetrical
nuclear displacements, unless all the nuclei in the molecule lie on a straight
line. Thus even if the degeneracy arises from the spin a non-linear poly-
atomic molecule cannot be stable in a degenerate electronic state, excepting
this degeneracy be the special twofold one of Kramers and Wigner.

2—Mathematical formulation and group-theoretical

CONSIDERATIONS

The linear matrix elements whose transformation properties we have to
investigate are integrals of the form

JV*Fram

where the <p, ()J are electronic wave functions with spin and the W are
functions of the electronic space co-ordinates alone. (A star is used in the
following throughout to denote the conjugate complex.) The indices <
refer to independent wave functions of the degenerate energy level and we
denote as before the representation of the molecular symmetry group sub-
tended by these functions by 0 The index r refi
normal nuclear displacements and we denote the representation subtended
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by the Wby V In the case of orbital degeneracy the wave functions gp
could be chosen real and the integrals transformed according to the repre-
sentation H<Z], where [0 7 denotes the representation of the symmetrical
product of0 with itself. It isour purpose to show that in the case ofan even
number of electrons with spin the integrals still transform according to the
representation F[0 2, whilst in the case of an odd number of electrons with
spin they transform according to the representation F{0 Z, where {02
denotes the representation of the antisymmetrical product of 0 with itself.

To establish this we make use ofthe properties ofthe symmetry operation
oftime reversal which have been investigated by Wigner (1932). He showed
that for electrons with spin this operation has different properties according
asthe number ofelectronsin the system iseven orodd, anditis this factwhich
givesrise to the different behaviour ofthe integrals in the two cases. We will
further make use of the results of the fundamental work of Frobenius and
Schur (1906) on the real representations of finite groups. They investigate
the properties of representations which leave a certain form O invariant,
and we will show that this form Ghas the same properties as the matrix (K)
representing the operation of time reversal. This enables us to write down
almost at once the relations we need from the results of Frobenius and
Schur.

Wigner shows that the operation K of reversing the time is a non-linear
operator for the wave functions, acting as follows upon a linear combination
of any two wave functions $and ijr:

K(a<fi+ bilr) = a*K<fi + b*Kilr.

He further shows that the operator K commutes with the operator R ofany
spatial rotation or reflexion (i.e. symmetry operation)

KR = RK.

Using any complete set of independent wave functions of an energy level
the operator K can be represented by a matrix which we will denote by
(K). Owing to the non-linearity of K the operator K and its matrix (K) do
not obey the same commuting rules. Thus if

Rdp = IJI.E\WT
and

we have KM<fp = =

RK<f,,, = =
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from which we deduce, since KR= RK
1Cr KAKU = %r

or {(K)R*}tp = {R(K)}tp,

i.e.

(There is no need to distinguish between the operator R and its corre-
sponding matrix since Ria linear operator.)
Now Wigner shows that if the number of electrons is even then

@ K=+ 1,

whilst if the number of electrons is odd

(b) K2= -1
The relation ( K% R{K)
gives (K)2R*(K) =
from which we deduce in both cases

R*(K) - R
or (c) R'(K)R = (),

where R' denotes the transposed matrix and we have R*R' = E, since R is
unitary.

The relations (a), ( b)and (c) are identical with those
Frobenius and Schur for their invariant form O, and we can hence make use
of their results directly by identifying our ( )with their G. They show that
in case (a) i.e. when (K)2 = E the independent vectors subtending the
representation (or the wave functions of the energy level) can be so chosen
that ( K)s identical with the unit matrix E and the matrices R (and con-
sequently the wave functions) can at the same time be chosen all real. Thus
in the case of an even number of electrons with spin the results are the same
as when there is no spin present and the Unear matrix elements

JV?2sWr= =i

subtend the representation F[0 2] as described in the previous paper. In

case (6), where ( R=— fErobenius and Schur
vectors subtending the representation 0, which they show must now have

an even number of dimensions (say 2n), can be chosen so that:
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First, (K) is the matrix

where E and Odenote the unit and zero *-dimensional matrices respectively.
We may express this by putting

K (t>P = P<I>-p>

where p=+1if [@ positive and = —1ifp is negative. (Positive values ofp
number the first n rows and columns of the representation, negative values
the last n rows and columns.)
And secondly, the matrices M for the rotations or reflexions R of the
group
$p = %R <p O<r
can be so chosen that

A B
R =
-B*  A*
or p*p - APR—‘T,—B‘

Now from Wigner’s results we deduce that since the Wfin his terminology
are real (they do not involve the spins) we have the relation

= (Kdp,k vm %
i.e.

But from the above relations we find

Thus the integrals satisfy the relation
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This relation can be written in the form

[V p Wdr = -pcf 0, dr
or -pU lirfav'dT-eftlIrV'dT.
Introducing the abbreviation
we then have
jfipfoVrdT = - jfvrpwdT A{ilf/p<F f agp)vrdT.
Hence ifwe can showthat the iffiransform according
tion Oas the we can conclude that the integrals transform according to
the representation V{0 2.
Now from the transformation formulae
Pp = 1 B<rpS«
follows, since K P= »PB-r.-P,
(=1 K Pt
=P Io» B-,,-p &t
=P IO(-Z)K.-p>f>*,,
so that (<Y = _pKO_»)Kp</>*_r
or (-1¥-))" = 24 0-,)>
rp = i(}§ pt, .
so that the \Im= —p()*Lp do transform according to the representati

One verifies then easily that

wit- ftft = g% i(Sp. - RptB,.) (ft,ft ft


http://rspa.royalsocietypublishing.org/

Downloaded from http://rspa.royalsocietypublishing.org/ on July 19, 2018
Stability of Polyatomic Molecules 123

so that the spur of the representation subtended by the products

fp t'r-fta&p
is given by

g% 9%(PaaPfifi ~ Pa.fi Pfia) :a£(2 Paa 2 Pfifi ~ 2
«X2A-R)-x ("2}

This is the spur of the antisymmetrical product representation {02}.

We have thus shown that the integralsJ (T dT and consequently the

integrals transform according to the representation V{0 2}, for

an odd number of electrons with spin.

3—Proof of general theorem for molecules with spin

We have seen that if the molecule contains an even number of electrons
with spin the results obtained in Part | apply without modification. Thus
we need consider only molecules containing an odd number of electrons.
For these the electronic wave functions with spin transform according to
two-valued irreducible representations of the group of symmetry and for
the purpose of establishing our theorem we fist below in Table | the two-
valued irreducible representations of all the point groups. The two-valued

Table | —Two-valued irreducible representations of the
POINT GROUPS

Do E B 2(7(0) C2
oL, E R 2(7(0) S\
0
2 2 2cos2 0
E\ 2 =2 20053—20 0
ol 2 2 2003222+1 0 0

(0< <I><4tt)
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Table I—( )

2CP 2CPHL .. 2CD

2GP 2CpHl .. 2 C2p

(-1)= 1 (-
. (=Dp 1 (- * i
. (—1)p2co 2cos . (—I1)3>12cospw
.. (—1)32cos2 2cos2 . (—1)3+12cos2p<y

—2cosp<y ... (—Il)p2cosp2c; 2cos
2r

. (—1)3+12cosp2a

B[and B'2are conjugate complex, taken together they give

E 2C
E 2G
1 -1 -1
1-1-1
2 -2 —2cosg
2 -2 —2co0s2 (o
2 -2
K 2 -2
R 2C
R 2C
R 2S
0]
2 20032
30
-2 —
2cos >
2p—I
-2 2c0S---- j
€0s---q
or
E\
K
K

-2 2 2(i)>+i o
2 C2 Cp 2 Cptl
2C2 Gp 2GpHL
282 Sp 2SPd
2cos ® 0 220052—0
2 cos 3c; 0 —2cos 3—;;
2cos(2p—1) ® 0 —2c08—5-®
2
E R 4 4C| 4 ClI 4Cc* 6G2
2 -2 1 -1 -1 1 0
2 -2 e —6 -e*x e O
2 =2 e -e* — e 0

e =

y/)

2pC2 ©
2p<1v <
i —i
—i i
0 0
0 0
0 0
0
pG2 PG2
p(Tv pP<
pcxv pC2
0 0
0 0
0 0
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Table |—(

E'2and E'3are conjugate complex, taken together they give
G 4 -4 -1 +1 +1 -1 O
or E R ¢Cs 8Cl 6Cl 1292 694 e>q\
Td E R 8C3 8Cl 6sI 1x 654 65l

E{ 2 -2 1 -1 o 0 V2 -v2
K 2 -2 1 -1 0 0 -v2 as

IT E R 12C5  12cCi 12C  12C) 20(73 20 C2

1-V5 - 1-V5 1+"5 - 1+V6

K 2 -2 5 5 ) 5 1 -1 0
i 1+ — + 1-V5 - 1-V5

2 2 5 ~5 5 5 1 -1 0

G 4 -4 1 -1 1 -1 -1 1 0

r 6 -6 -1 1 1 1 0 0 O

irreducible representations of the crystallographic groups D2, 2)4, Z6and O
have been tabulated by Bethe (1929), and we have followed his method in
calculating the characters of the representations of the general groups
D2p,D 2o+l The characters of the two-valued irreducible representations of
the icosahedral group | (and ofthe groups T and 0)have been given already
by Frobenius (1899). For completeness we include also the axial groups
D", but following Tisza (1933) and Bethe we do not include the
groups which are the direct product of the inversion or a reflexion with a
group already listed, since the representations of the new group can be
written down at once. In accordance with Bethe’s method we introduce
a new symmetry R commuting with all the symmetry elements and which
denotes a complete rotation through 2n about any axis of the molecule. This
element is added to the original symmetry group to form the new “double”
group which we designate by an index r added to the symbol of the simple
group. Itisto be notedthatthe double group isnot simply the direct product
of R with the original group since the relations between the elements of the
latter are also altered (e.g. in DPpwve have C\ = R, whilst in
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denoting a rotation through wwabout one of the twofold axes). The two-
valued representations of the symmetry group are then one-valued repre-
sentations of the double symmetry group and their characters can be
calculated in the usual way.

In order to establish the theorem we have to investigate whether a mole-
cule of a given symmetry possesses at least one set of non-totally sym-
metrical normal displacements transforming according to a representation
V such that F{$2 contains the identical representation, being any two-
valued representation of the corresponding group of symmetry. F is
excluded from being the identical representation, because, as before, the
molecular configuration is always taken to be stable with respect to all
totally symmetrical displacements. Now it is easy to show (see below) that
the antisymmetrical product of any two-dimensional representation is the
unit representation, so that V{0 %can never contain tt
tation for any two-dimensional representation when F itself is not the unit
representation. Thus we need list the antisymmetrical product of only those
two-valued representations which are more than two-dimensional and these
are listed in Table I1.

Table Il

Antisymmetrical product of more than
twofold degenerate two-valued

Group representations

T {G'2 =A+E+F

Tn {63 ={G'3=Ag+Eg

Tdand 0 {G'3=A1+E+F2

oh {G'3={G'3=Alg+E

| {G'Z} =A+H
{F2 =A+G+H

{G'3={Gu =Ag+Hg
{F2={/;*}= Ag+Gyg

The above mentioned property of the two-dimensional representations is
established as follows. The character of any group element in the anti-
symmetrical product is given by

M (£) =toW -x (tf2).

and when Ria two-dimensional matrix


http://rspa.royalsocietypublishing.org/

Downloaded from http://rspa.royalsocietypublishing.org/ on July 19, 2018

Stability of Polyatomic Molecules 127
then
Thus X(P) =an+a22
X2B) = ali+ a\2+ 2au a22,
X(i?79 = afl+al2+ 2alaa2l
Consequently {AO(-®) = ®lia2—®12(P1 = Det(.R).

Now the determinant of the two-dimensional matrices is always + 1, since
they can be expressed as the product of the matrix of a pure rotation with
that ofthe inversion, the determinant of both ofwhich is + 1, the inversion
being the matrix

Thus a twofold degeneracy cannot produce instability for a molecule con-
taining an odd number of electrons with spin.

Making use ofthe list of normal displacements of all possible symmetrical
molecules given in Table | of Part | it is easy to verify that the general
theorem istrue as formulated above. Thus, forexample, the aijtisymmetrical
product of the more than twofold degenerate two-valued representations
G', I' of the group | always contain the representation H and molecules of
the symmetry | always possess at least one set of normal displacements
transforming according to H. Hence always contain the
identical representation, and the symmetrical molecular configuration
must be unstable in any more than twofold degenerate electronic state, ifthe
molecule contains an odd number of electrons with spin.

4—Magnitude of the spin effects*

In considering quantitatively the effects arising from the spin we shall
have to compare the order of magnitude of the changes produced by the
nuclear displacements in the electrostatic interaction energy and in the spin-
orbit interaction (multiplett splitting) respectively.

Considerfirstanon-degenerate orbital state in which a certain symmetrical
nuclear configuration is stable when only the electrostatic interaction is con-

* The considerations of this paragraph are due to Dr E. Teller.
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sidered. The electrostatic energy in its dependence upon any one normal
coordinate d may then be approximated by a parabola:

e = ad2

The constant a may be estimated from the binding energy €0: if denotes a
distance of the order of the equilibrium nuclear distances we will have

e0= ar2 or

Suppose now that this non-degenerate orbital state has spin degeneracy.
For the symmetrical equilibrium configuration the spin-orbit interaction
will produce a splitting into the various levels of a multiplett. Since the
orbital state is non-degenerate and possesses therefore no magnetic moment
this multiplett splitting will be small, of the order of

G- A E \%

where | denotes the spin-orbit interaction operator and AE the energy
difference between orbital states for which it has non-vanishing matrix
elements. Because of the symmetry the lowest level of this multiplett may
still be degenerate. Suppose this degeneracy is more than twofold: then
according to our theorem for small nuclear displacements there will be a
linear splitting ofthe ground state. The question iswhether this dependence
of the spin-orbit interaction upon nuclear displacements can cause any
appreciable instability of the original equilibrium configuration. To judge
ofthis we must compare its order of magnitude with that ofthe electrostatic
perturbation described by the parabola above. The spin-orbit interaction
in its dependence upon the normal co-ordinate d may be approximated by
the linear relation
e = fid.

The constant fi may again be estimated by considering a distance r of the
order ofthe atomic equilibrium distances. The process ofbringing the atoms
together will not change the spin-orbit interaction by an amount greater
than the total multiplett splitting and we may therefore put

el=fir or ?=".

We find therefore for the electrostatic perturbation
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and for the spin-orbit perturbation

e =—d,
r
and we see that whilst for small distances d the latter perturbation is greater
than the first, at large distances the reverse is the case. Thus each of the
energy levelsinto which the multiplett levels are split may be approximated
for large distances by parabolas which will have their minimum slightly
displaced from the original minimum (see fig. 1). By equating the two

Fig. 1

perturbation energies we find a distance d which will give a rough estimate
ofthe change in the equilibrium distances which can be caused by the spin-
orbit interaction. We find

d=—r,
eo
which is a very small fraction of the equilibrium distance. If we take the
binding energy e0 as IV = 8000cm.-1 and the multiplett splitting ex as
lcm.-1, the distance d will have the order of 10-4A. This shows that the
change of configuration involved is in general so small that it will be covered
even by the zero-point amplitude of the nuclear vibrations. Thus for all
practical purposes the spin in this case produces no instability.

There is the further possibility that although the lowest state of the
multiplett is stable and does not split yet its energy level for small nuclear
displacements should intersect the perturbed energy level of a higher state
of the multiplett thereby becoming unstable. It follows however at once
from the above considerations that such an intersection of the parabolas
from different levels of the multiplett is impossible. Thus in no case can the
spin forces produce instability of an orbitally stable non-degenerate state.

Let us consider now a degenerate orbital state and ask whether a nuclear
configuration which is unstable when the orbital motion alone is considered
can be rendered stable when the spinisintroduced. The multiplett splitting
is here greater, being proportional to the spin-orbit interaction operator I.

Vol CLXIV—A 9
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Suppose now that the lowest state of the multiplett is stable for the sym-
metrical configuration in question, being either non-degenerate or only two-
fold degenerate. Because of the orbital instability the energy of some of the
higher states ofthe multiplett will show a linear dependence upon the nuclear
displacement d:

e = fad.

For large displacements r this perturbation will be of the order of the
binding energy €0 (energy between different multipletts):

eo= A

and we may easily estimate the distance d at which this linearly perturbed
energy level will intersect the parabola of the lowest state of the multiplett.
We find (see fig. 2) that this distance is less than

€0

and is thus again a small fraction of the equilibrium distances (we may take
el= 100cm.-1), being, however, greater than the corresponding distance
discussed for the non-degenerate state. Thus a symmetrical nuclear con-
figuration might under exceptional circumstances be rendered stable in a
degenerate orbital electronic state, if the spin-orbit interaction is large of
the order of the binding energy, but it is not possible for the spin-orbit inter-
action to cause instability of an orbitally stable state.

Fig. 2

5—Conclusion

In conclusion, let us discuss briefly the applicability of our theorem to
crystals. Bethe (1929) has discussed the splitting of the degenerate states of
an atom when placed in the symmetrical field of a crystal and had discussed
also the further splitting which occurs when the crystal symmetry isreduced.
The question could also be discussed by treating the whole crystal as a single
molecule and applying our theorem. The question then arises why the
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orbitally degenerate inner shells which occur in the paramagnetic crystals,
e.g. in the rare earth ionic salts, do not cause instability ofthe crystal lattice.
Two reasons may be given for this. First, we may show by quite similar
reasoning to that used above that the linear splitting ofthe levels ofthe inner
shells is so much smaller than the binding energy of the crystal which arises
from the electrostatic interaction of the outer electrons, that the change of
equilibrium configuration involved is negligibly small. Secondly, we should
note that this linear splitting of the inner levels has the same order of
magnitude as the perturbation arising from the exchange of these inner
electrons between different atoms of the crystal, i.e. from the possibility of
the electrons being propagated through the crystal. These translational
effects have been treated neither by Bethe nor by us in our theorem. Their
treatment would involve a consideration of the whole space group of the
crystal, whereas Bethe and we ourselves have explicitly restricted ourselves
to those groups of symmetry which leave one point of the system invariant.

The author is indebted to Dr E. Teller for very helpful discussion, and to
the Managers of the Royal Institution for facilities granted to complete this
research in the Davy-Faraday Laboratory.

Summary

It is shown that a polyatomic molecule cannot possess a stable non-linear
nuclear configuration in an electronic state having spin degeneracy unless
this degeneracy is the special twofold one which can occur only when the
molecule contains an odd number of electrons. Instability caused by the
spin alone is shown to be ofsecondary importance compared with the orbital
effects discussed in a previous paper. Table | gives the irreducible two-
valued representations ofall the point groups and will be useful in discussion
ofthe electronic states of polyatomic molecules containing an odd number of
electrons with spin.
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