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is only a particular solution. This solution, however, appears from other 
considerations to be the most probable one. For example, it fits well with the 
modern quantal views regarding the electronic structure of aromatic mole
cules in general, and of graphite in particular—indeed each layer of carbon 
atoms in graphite may be regarded as a giant aromatic molecule—according 
to which one electron per carbon atom is free to migrate from atom to atom 
over the whole condensed network. Incidentally such a migration is also the 
solution for the sixty-year-old controversy regarding the location of the 
extra bonds in the benzene ring—the bonds are not localized at a ll! (Ingold 
I938)-
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7 . Surfaces of constant energy in  &-space approximately

A SET OF COAXIAL CYLINDERS

For a free-electron gas containing as many electrons per c.c. as there are 
carbon atoms per c.c. of graphite, one can easily calculate the degeneracy 
temperature, with the help of equation (7), and it is found to be about 
98,000° K. Now the observed degeneracy temperature of the electron gas 
in graphite, namely 520° K, is of this value. From the magnetic data it 
was deduced in the previous section that the number of free electrons in 
graphite, namely v per atom, is given by the relation va1a2 = 1. For this 
density of electrons, remembering that the effect of the lattice field is to 
increase the degeneracy temperature by a factor (a1a 2a 3)i (see (11)), we 
obtain

T0g =520° — 98,000° x x(axa 2a3)*, or a xa 2/a3 = 1903, (25;

which indicates a very high eccentricity for the ellipsoidal surfaces of con
stant energy in the &-space. Indeed the eccentricity is so large that one may 
regard these surfaces as a set of coaxial cylinders, with their common axis 
along the V  axis of the crystal. .

Now the ‘ effective mass ’ of an electron is 1 /oq times the actual mass, where 
a x has the value a x or a2 for motion in the basal plane, and the value oc3 for 
motion perpendicular to the plane. The very large value of a xa 2/a3 obtained 
in (25) indicates that the effective mass for motion perpendicular to the plane 
is enormous, as indeed it should be, because of the tight-binding of the 
mobile electrons to their respective layers. The effective mass for motion in 
the basal plane will be much smaller, and if we adopt the conclusion pro
visionally accepted in the previous section, namely a x = a2 = 1, it will be 
just the actual mass.
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8. B rillouin zones of graphite

We shall next consider these results in relation to the Brillouin zones in 
the crystal. The unit cell of graphite has the dimensions

a — 2-46, c = 6-79A,

and it contains four atoms of carbon. The structure factors for the various 
crystallographic planes are given in table 1 (see Mott and Jones 1936, 
p. 163).

Table 1

Plane {lTO, 0} (220, 0} {2IT, 0} {000, 1} {000, 2}
S  1 1 4 0 4

The energy discontinuities across (000, 2}, and across {211, 0} are the 
strongest. Let us consider the Brillouin zone in &-space (k is taken to be equal 
to 1/A, as before) bounded by these sets of planes. I t  will be a flat hexagonal 
prism of the second order, with its axis along ‘ c ’. The height of the prism will 
be 2/c, and its cross section, by the basal plane, will be a regular hexagon of 
side 2/(<j3a) (see figure 2, the inner hexagon). The volume of this Brillouin

(Vi

F igure 2

zone in the fc-space will be 4v/3/(a2c). Since each unit volume in the fc-space 
will correspond to two electrons per unit volume of graphite, and since the 
atomic volume of carbon in the crystal is j3 a 2c/8, it can be readily seen that 
the above Brillouin zone can contain just three electrons per carbon atom.* 
The energy discontinuities at all the faces of the zone are large, and hence 
these three electrons in each carbon atom may be regarded as forming a 
closed group.

* The Brillouin zone described by Mott and Jones on p. 163 o f their book is really 
this three-electron zone.
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There is a bigger zone which can just accommodate all the four valency 
electrons of the carbon atom, namely, the one bounded by (000, 2} and 
{220, 0}. This zone also is a flat hexagonal prism, of the same height as 
before, but of the first order, whose cross-section is a hexagon of side 4/(3 
(the outer hexagon in figure 2). But the energy discontinuities across (220,0}, 
as will be clear from the values given in table 1, are small.

We mentioned just now that the three electrons per carbon atom that can 
be accommodated in the smaller Brillouin zone, whose bounding faces are 
all surfaces of large energy discontinuity, may be regarded as forming a 
closed group. The remaining electrons, namely one per carbon atom, may 
occupy any of the outer zones. Using reduced wave numbers, it can be easily 
seen that there is much overlapping of these zones into one another, and on 
this account the maximum kinetic energy of the electrons will be much 
smaller than it would be otherwise. Further, in view of the small value of a3- 
(which is only 1/1903 of a 1a 2), the electrons will take up all the permitted 
values of kz in the zones under consideration right up to the boundary surface 
parallel to the basal plane. For the same reason, neither kx nor ky will reach 
high values; in other words, along the x and y directions the zones will be 
‘nearly em pty’. In terms of the Brillouin zones, one thus gets a natural 
explanation why in spite of the large density of free electrons in graphite, 
namely one per atom, the degeneracy temperature is so low, and also why 
for motion in the basal plane (i.e. in the xy-plane) the electrons behave as if 
they were completely free, whereas for motion along the normal to the plane 
(i.e. along the z-axis) they behave as if they were tightly bound.
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9. An alternative view of the free-electron

DIAMAGNETISM OF GRAPHITE

We have seen that a particularly simple solution of the experimental 
finding that v<xx<x2 = 1 is to put

v = 1 and = 1,

and that this solution receives much support from general structural con
siderations, and also from a consideration of the Brillouin zones. Assuming, 
for the sake of argument, that this solution is not acceptable, the only other 
permissible solution seems to be to regard the larger Brillouin zone, which 
can accommodate all the four valency electrons, as the proper zone, and to 
attribute the diamagnetism to the few electrons that may overlap into the 
next zone, v will then represent the number of such overlap electrons per 
atom, and will be much less than unity. The surfaces of constant energy in
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the k-space in the region immediately outside any pair of parallel surfaces 
{220, 0} bounding the Brillouin zone may still be represented by ellipsoids 
of the type (10), the origin of the coordinate system being now taken at the 
surface. Taking the z-axis as before along the ‘c ’ axis of the crystal, and the 
x-axis along the normal to the surfaces of energy discontinuity under con
sideration, it can be shown (see Mott and Jones 1936, p. 84) that both a 2 
and a3 should be of the order of unity, whereas a x should be very large; 
indeed the larger it is, the smaller is the energy discontinuity. The relation 
0,1 a ja 3 = 1903 deduced from the observed degeneracy temperature of the 
electron gas in graphite will then give for a x the value

a x ~ 1903.

Such a large value of a x indicates an extremely small energy discontinuity 
at the surface, of the order of 10 4 or 10 5 electron volt, and this will be the 
ease at all the (220, 0} faces of the four-electron Brillouin zone. We may then 
legitimately disregard these discontinuities altogether, regard the one 
electron per carbon atom that cannot be accommodated in the smaller 
Brillouin zone to be effectively free, and shift the origin of the coordinate 
system to the beginning of the one-electron zone. We will then have

v=l, a1 = a 2= l ,  a3= l/1903.

This is precisely the first alternative view, which we had adopted.
In other words, in order to explain, on the second alternative view, the 

experimental finding that the number of electrons overlapping beyond the 
four-electron Brillouin zone bears a definite relation to the a ’s in the basal 
plane—the relation being vaxa 2 = 1—the energy discontinuities across the 
{220, 0} planes have to be negligibly small. The existence of the discon
tinuities can then be ignored altogether, in which case the second alternative 
view reduces itself to the first. This is very gratifying.

N. Ganguli and K. S. Krishnan

10. Absence of spin-paramagnetism

Now we have to explain why the spin-paramagnetism of the free-electrons, 
which normally should have predominated over their diamagnetism, is 
practically absent. According to the second alternative view proposed in the 
preceding section, this is merely a consequence of the large value of a xa 2/3, 
which, as we noticed in §3, represents the ratio of the diamagnetic to the 
paramagnetic susceptibility. But we have already preferred, on other 
grounds, the first alternative. The absence of paramagnetism has then to 
be explained in the following manner. Each permitted energy level of the
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electron gas can accommodate, according to Pauli’s exclusion principle, two 
electrons, with opposing spin moments. Under the conditions usually obtain
ing in an electron gas all the lower energy levels will be so occupied by electron 
pairs, but some of the higher energy levels, near about £0 = will be 
occupied by single electrons, and the higher the temperature the larger will 
be the number of such energy levels occupied by single electrons. In graphite, 
in order to explain the absence of paramagnetism, we have to assume that all 
the occupied energy levels are occupied each by a pair of electrons, and none 
of the levels by single electrons. This will be the case if there is some coupling 
between the opposite spin moments, and the energy of coupling is large in 
comparison with kT  even at the higher temperatures of our measurement, 
and therefore large in comparison with kT0a also. Such a pairing of the elec
tron spins is indeed contemplated in the quantal theory of the mobile 
electrons in aromatic molecules.

In spite of such a coupling—which will result in an energy level being 
either occupied by an electron pair or not occupied at all—if the occupied 
energy levels are so closely spaced that they may be regarded as almost 
continuous (this condition is satisfied ordinarily), the energy distribution 
will be practically the same as when the spin-spin coupling is absent. The 
coupling will not therefore affect the diamagnetism of the electron gas, and 
the temperature variation of the diamagnetism will still be in accordance 
with the statistics of Fermi and Dirac, as is actually observed.

At sufficiently high temperatures, however, we should expect the para
magnetism to become more and more important relatively to the Landau 
diamagnetism of the electrons, and ultimately to predominate over the 
latter in the ratio of 3 :1.

Thus in addition to the observed degeneracy temperature of 520° K, 
which when multiplied by k represents the maximum kinetic energy which 
an electron in the gas will have at very low temperatures, there must be 
another characteristic temperature Ts for the electron gas in graphite, much 
higher than 520° K, such that kTs will represent the energy of dissociation of 
the components of a pair of electrons with opposite spins. The temperature 
Ts will be somewhat analogous to the Curie temperature of a ferromagnetic 
body.
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11. The Landau diamagnetism and the F ermi-Dirac
ENERGY DISTRIBUTION OF THE ELECTRON GAS

Treating the abnomal diamagnetism of graphite as the Landau dia
magnetism of its electron gas, we found that the various results deduced

Vol. 177. A. 12
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from the magnetic data are just what we should expect from other and 
independent considerations. Arguing conversely, we may regard the ob
served magnetic data for graphite, especially at very high and very low 
temperatures, at which the magnetic behaviour is particularly simple, as 
providing an experimental demonstration of Landau’s value for the dia
magnetism of an electron gas. The region that we have studied extends from 
the completely degenerate to the almost completely non-degenerate state; 
and includes in particular the region of transition from the one to the other. 
The close agreement between the theoretical curve plotted in figure 1, 
calculated on the basis that the energy distribution of the electrons is in 
accordance with Fermi-Dirac statistics, and the experimental values may 
therefore be regarded as verifying experimentally the Fermi-Dirac distribu
tion over the whole range from temperatures very much lower than the de
generacy temperature to temperatures much higher than the latter. This is 
very gratifying, since ordinarily it is only the degenerate state that is 
accessible for experimenting, whereas for verifying the Fermi-Dirac distri
bution, it is the transition region between the degenerate and the non
degenerate states tha t is most interesting.

In conclusion we wish to express our thanks to Dr D. N. Wadia, Govern
ment Mineralogist at Ceylon, for his kind present of some of the graphite 
crystals with which the measurements described in this paper were made.

N. Ganguli and K. S. Krishnan
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