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The investigation covers point particles possessing a charge, dipole and  higher m ultipole 
m om ents in teracting  w ith fields of any spin satisfying the generalized wave equation  (8). I t  
is shown th a t  the radiation  field defined as the  re tarded  m inus the advanced field and  all its 
derivatives is always finite a t  all points including those on the  world line of th e  po in t p a r ­
ticles. The sym m etric field, defined as ha lf the sum of the  re tarded  and  advanced fields, is 
shown to  contain a p a rt expressible as an  integral along the world line from  m inus to  plus 
infinity, which is continuous and finite everywhere. This integral vanishes if % =  0. The 
modified sym m etric field is defined as the  sym m etric field m inus th is integral. The ac tua l 
field is expressed as a sum of the  modified sym m etric field plus the modified m ean field 
defined as ha lf the sum of the Ingoing and outgoing fields plus the  integral ju s t m entioned. 
I t  is proved th a t the p a rt of the stress tensor of the  field quadratic in the modified sym m etric 
field plays no p a rt in determ ining the  equations of m otion of the po in t particle. Being con­
served by itself, it can always be sub tracted  away, thus defining a new stress tensor which is 
free from all the highest singularities in the  usual stress tensor. The equations of m otion of 
the particle are shown to depend only on the usual ‘m ixed te rm s’ in the  inflow w ith  the  
modified m ean field substitu ted  for the  ingoing field. The form ulation for several particles is 
given.

On th e  fields a n d  e q u a tio n s  o f m o tio n  o f p o in t p a rtic le s

The different fields associated with point particles are investigated and certain 
general properties established from which results about the general form of the 
equations of motion of the point particles can be deduced. The investigation covers 
generalized wave fields* of all spin, the usual scalar and vector meson or generalized 
Maxwell fields being only particular cases. Similarly, the field producing properties 
of the point particle can also be treated with great generality, and the particle may 
possess a charge, dipole or higher multipole moment or any combination of these.

The retarded field is defined by the boundary condition that it vanishes at all 
points on and before an infinitely extended space-like surface. Usually this surface 
is taken to be in the infinitely distant past. The advanced field is correspondingly 
defined by the boundary condition that it vanishes everywhere on and after an 
infinitely extended space-like surface which is usually taken to be in the infinitely 
distant future. Both these fields are unsymmetrical with respect to the past and the 
future by definition. They are both singular on the world line of the particle. In 
general theory it is more convenient to use two other fields derived from these, 
namely, the radiation field, defined as the retarded minus the advanced field, and 
the symmetric field, defined as half the sum of the retarded and advanced fields.

* The expression generalized w ave field is used to  cover an y  field th e  com ponents of w hich 
sa tisfy  th e  generalized w ave equation  (8) in free space, and  covers fields of all in teg ral spin. 
The expression m eson field, w hich has been used in th e  previous lite ra tu re , is inaccurate, 
since th e  m eson having  a  spin of 0 or 1 u n it is b u t a  p a rticu la r case. The fields w ith  y  =  0 are 
included in th e  above as lim iting  cases, b u t w hen it  is necessary to  d istinguish  these from  th e  
m ore general fields for w hich y  =t 0, we shall refer to  th em  as specialized w ave fields.
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The radiation field changes its sign when the direction of the time axis is reversed, 
while the symmetric field is left unchanged.

The symmetric and radiation fields have important properties near the world 
line. The symmetric field is made up of a part consisting of terms depending on 
conditions at the retarded and advanced points on the world fine only, and a part 
composed of two integrals along the world line from minus infinity to the retarded 
point and from the advanced point to infinity respectively. The latter vanish for a 
specialized wave field (X — 0). It is convenient to combine the latter into one integral 
from minus infinity to plus infinity, and to add a compensating integral from the 
retarded to the advanced point to the first part of the symmetric field. The integral 
from minus infinity to plus infinity is now a finite, continuous and differentiable 
function of the field point even on the world fine of the particle, and satisfies the 
homogeneous generalized wave equation at all points of space. It is important for 
the theory to be developed here to introduce the modified symmetric field defined as 
the symmetric field minus the integral from minus to plus infinity just mentioned. 
The modified symmetric field contains all the singularities of the symmetric field, 
and its value at any point is independent of portions of the world fine lying in the past 
or future fight cones of the point. This is an important feature of the modified 
symmetric field which differentiates it from the symmetric field. Moreover, if from 
any point in space near the world fine we drop a perpendicular to the world fine, and 
call its length e, then it will be shown that the modified symmetric field can be 
expanded in an ascending series containing only odd powers of e, the highest 
singularity depending on the highest multipole possessed by the particle. This result 
has an important consequence in the form of the equations of motion of the point 
particle.

Dirac (1938) has already shown that the radiation field satisfying the Maxwell 
equations produced by a point charge is finite on the world fine. It will be proved in 
this paper quite generally that the radiation field and all its derivatives are always 
finite on the world fine for every type of point particle and every spin of the field. 
The radiation field and each of its derivatives can always be written as the sum of 
two parts, one containing terms depending on conditions at the retarded and 
advanced points only, and the other containing two integrals along the world fine. 
The former can always be expressed near the world fine as an ascending series in 
even powers of e only, starting with a term independent of e. For specialized wave 
fields (x = 0) the two integrals vanish and the whole radiation field then becomes 
expressible as a series in even powers of e.

The actual field at a point can be expressed, following Dirac, as follows:

actual field = retarded field + ingoing field
= advanced field + outgoing field 
= symmetric field + mean field,

where the mean field is defined as half the sum of the ingoing and outgoing fields. 
In view of the simple property of the modified symmetric field mentioned above,
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which is not possessed by the symmetric field, it is important to split up the actual 
field as follows: actual field = modified symmetric field + modified mean field, 
where the modified mean field is defined as the mean field plus the integral from 
minus to plus infinity which was subtracted from the symmetric field. Since this 
integral is finite and continuous everywhere and satisfies the homogeneous general­
ized wave equation at all points, so also does the modified mean field. The stress 
tensor, which is a homogeneous quadratic expression in the field quantities, now 
falls into three parts, the first containing only the modified symmetric field, the 
second containing the modified symmetric and mean fields, and the third part only 
the modified mean field. I t  follows from the property of the symmetric field stated 
above that the first part of the energy tensor must be expressible near the world 
line as a series in even powers of e only. I t will be shown to follow immediately from 
this that the contribution of this part to the flow of energy and momentum into a 
thin tube of radius e surrounding the world line must be a series containing odd powers 
of e only. Now the theorem established in a previous paper (Bhabha & Harish- 
Chandra 1944) states that if the rate of inflow* be expressed in the vicinity of the 
world line in a series in powers of the radius of the tube then all the terms except the 
one independent of the radius of the tube must be identically perfect differentials. 
For brevity we shall refer to it as the inflow theorem. I t  follows that the part of the 
stress tensor, containing only the symmetric field contributes only perfect differ­
entials to the rate of the inflow of energy and momentum, which therefore have no 
effect on the equations of motion of the point particle. The same can be proved of 
the part containing only the modified mean field, which can in any case have no 
effect on the equations since it is non-singular. The only part of the energy tensor 
which determines the equation of motion of the particle is the mixed part. Since the 
mixed terms in the inflow are formally the same as those that one would have if 
radiation reaction were neglected, with the only difference that the modified mean 
field is written in place of the ingoing field, and can in general be derived from a 
Lagrangian, the process of finding the general equations for a point particle becomes 
very simple. One has merely to obtain the usual mixed terms in the inflow, and then 
substitute the mean field in place of the ingoing field. I t  will be shown by one of us 
(H.C.) in the paper which follows this that the form of the mixed terms in the inflow 
is completely determined by certain general considerations, and they can be written 
down in any given case without any calculation.

Each of the three parts of the stress tensor mentioned above are conserved 
everywhere except on the world line,,and therefore it is possible to take as the 
new stress tensor for the field the original tensor minus the first part containing 
only the modified symmetric field. This removes all the worst singularities in the 
stress tensor.

H. J. Bhabha and Harish-Chandra

* T h is  w o rd  is u sed  in  th e  sam e sense as  in  th e  p a p e r  m e n tio n e d .
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1. The retarded , advanced, radiation and symmetric fields

We use as far as possible the same notation as in the previous papers. The co­
ordinates of a point in space time are denoted by x^ where a Greek index takes on 
all values from 0 to 3, and the metric tensor is defined by

900 = ~ 9 ll = ~  922 = ~933 = !•
A point on the world line is denoted by z (̂t), t being the proper time on the world 
line measured from some point on it. A dot denotes differentiation with respect to r. 
The velocity of the particle is The following symbols are used with the same
meaning as in the previous papers:

u>l =x>l — zSl(j),

k = UpV*1, k' = UpV*1, k" =  UffiP, etc. (1)

For every point xp near the world line a point called the * contemporary ’ point with 
the proper time rc can be defined on it by the equation

(k)c = (xt* -  sf(re)v^Tc) = 0. (2)

The suffix c attached to a symbol will be used to denote that it refers to the con­
temporary point. Write

Pl = x^ — 2>“(tc), — *, (3)

where e is real and positive. Then

( ^ )  = -  2(w%)c = °» (4)

so that the distance from the point x^ to a point on the world hne is stationary at 
the contemporary point, will be used to denote d/dx^. We note the following 
relations which will be required later:

dve2 = - 2 1 ^  = -2l„. (5)

The right-hand sides of all three equations are finite and continuous on the world 
line, and all higher derivatives of them also remain finite and continuous. The same 
is true of any positive even power of e, which can be differentiated an unlimited 
number of times without the higher derivatives becoming singular as e->0. On the 
contrary, the differentiation of an odd power of a sufficient number of times can 
certainly lead to a term singular as e-> 0. For example,

d*dve = -  8{fe~l -  lHv3 + e_1-
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The retarded point on the world line associated with the point is defined as 
the point for which

(UpU*)rs  (xM- z M(Tr)) (a^-2^(rr)) = 0 (6)

with x° — z0(tv) > 0. The suffix r will be used to denote that the quantities refer to the 
retarded point. The advanced point is determined by the solution of the equation 
(6) for which x° — z°(Ta)< 0. The suffix a will be used to denote quantities referring 
to this point.

Let S , where the dots stand for any arbitrary number of tensor indices, be a 
tensor defined at all points of the world line and finite and continuous on it. I t  may 
be considered as a continuous function of r. Let ta be a fixed point on the world line. 
Then the field function defined by
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OrGt-(x/t) (7)

for Tr ^  tA and identically zero for rr < ta satisfies the generalized wave equation

( d ^  + X ^ V  = 0 (8)

at all points of space not on the world line. ^  is a constant characteristic of the field 
and Jx is the first order Bessel function. For later use we note that the nth order 
Bessel function is defined by

Jn{u) ( - Y i i  D° 1 h 2s12/ i V  ; s !(w + * )! \2/ • (9)

The dots affixed to O stand for the same tensor indices as appear in
Take a fixed point r c > ta on the world line and draw the two-dimensional surface 

around it generated by all points satisfying (2) and (3) with constant e. This surface 
forms a sphere around the point rc in the rest system of the point, that is, in the 
Lorentz frame in which the velocity at the point has the components 1, 0, 0, 0. 
If we denote by dQ an element of solid angle subtended by an element of the two- 
dimensional surface of the sphere at its centre at rc, then an element of the surface 
with its normal directed outwards and perpendicular to the world line is 
Given an arbitrary continuous function <}> of position inside the sphere expansible 
in a Taylor series about the point r c, then it can be shown easily that

Lt U(dvO^-) lvedQ = Lt |W |- Oyet-) e2 -  4tT<f>e( S J c. (10)

The expression (7) is completely and uniquely defined by the requirement that it 
satisfies (a) the equation (8) at all points not on the world line, ( the limiting con­
dition (10) at the world line, and (c) the condition that it vanishes at all points on 
and prior to an infinite space-like surface passing through the point We shall 
call it the fundamental retarded solution. Usually the condition (c) is imposed on a 
surface in the infinitely distant past, i.e. ta -> - co, and we shall henceforth consider 
only this case.
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All retarded solutions can be derived from (7) by inserting the appropriate 
tensors for $  , by differentiating with respect to the co-ordinates a certain number
of times and by contraction of tensor indices with those of the differentiations. The 
tensors $  may have to satisfy different symmetry conditions in their indices in 
different cases, but this does not concern us here. For example, if the field under 
consideration is the scalar field, then the retarded potential for a point charge is 
simply given by

Uret- = Oiet,(11a)

with S  a scalar function on the world fine and gx a constant. The retarded potential 
for a dipole is

V** m g9d*0 «*-t (116)

where g2 is a constant and we have to write S„ for $  in (7). S„ gives the direction of 
the dipole moment.

If the field under consideration is a vector meson field then the retarded potentials 
for a point charge are given by

U™t- = g1O f \  (11c)

where we now have to write a for $  . The corresponding retarded potentials for 
a dipole are

u ^ '  =  g & o p i  ( i i

and $  has to be written for S  . Every other tensor field and higher multipole 
moment for the particle can be treated correspondingly. The general retarded 
potentials for a point particle can therefore be written in the form

f jre t.  =  D [ O ret-], ( 12)

where the operator D  denotes a sum of terms each one of which consists of a different 
number of differentiations of the fundamental solution (7) with appropriate tensors 
written for S  , and contraction of indices. The dots written as suffixes to U denote a 
number of tensor indices and determine the spin of the field. The number of un­
contracted indices in all the terms must be the same as in U .

The function which is uniquely and completely defined by the three conditions 
that it (a) satisfies the equation (8) at all points of space not on the world line, (6) 
fulfils the condition (10) at the world line, and (c) vanishes at all points on and after 
an infinite space-like surface cutting the world line at the point is given by

< 1 3 >

for tb  ^ Ta and zero for tb  < Ta. This is the fundamental advanced solution and all 
advanced potentials can be expressed in terms of it by
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tfadv. = D[0adv.]f (14)
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where D is the same operator as in (12). The radiation field introduced by Dirac 
(1938) is defined by

JJy&A. _  f/ret. _  f/adv.

= (15)

We therefore investigate first the fundamental radiation solution defined by

256 H. J. Bhabha and Harish-Chandra

£)rad. £)ret._£)adv.

S  H * * (16a)

I t  is convenient to introduce the modified fundamental radiation solution 0 'rad- 
defined by

Q' rad. _  ^rad a  ^

(s
u

f*O0
- x j

’* a i ^ (16 b)

For later use we introduce explicitly the radiation solution for the specialized wave 
equation (^ = 0)

(I6c)

Let the field point x*1 be kept fixed for the moment. The value of u2 at a point r 
on the world fine can be expressed by a Taylor series in powers of A t  = t  — tc for 
sufficiently small values of d r,

-  < u ! >»+ ( ^ V t + s ( ^ 1 < / ) t ) 2 + • • • •  <i 7 a >

It can be seen at once that none of the coefficients (dnu 2/dTn)c of this series is singular. 
Using (l)-(4) we get in particular

Now at the advanced and retarded points = 0 by definition, and At takes on one 
of the two values Atu = ra — rc or Arr = rr — rc respectively which satisfy the equation 
obtained by putting (176) into (17a)

e2 = (1 - k')c{.At)2- \ kI{At)z- ^ ( v2 + k'")c{AtY(18a)

The essential feature of equation (18a) is that the coefficient of At on the right is 
zero since the distance u from the point to the world line is stationary at and
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the coefficient of (/dr)2 is rational and tends to 1 as xfl approaches the world line. 
Taking the root of both sides of (18a) we get

e A 1 KAt — ~
61 - k'

Iv2 + k'" 1 k"2 \
( \ — k' + 3 ( 1 - / c')s) (At f , (186)

where we have omitted thesuffixcfor brevity. This clearly shows that for the advanced 
point Ara is obtained by taking the positive sign on the left, while Att is got by taking 
the negative sign. Reverting equation (186) by successive approximation we obtain

. e l  x"e2 1 ^e3 ..
jT” = V a ^ + 6 n ^ 2 + 24(T ^ ?ji + 0<e >

=  e + f  e/c' + fex'2+ +  ̂ v 2e3 + 0(et). (19)

We get Arr by reversing the sign of e in (19), as follows directly from (186). Hence 
(ATr)n + (Zlra)n is expressible as a series in even powers of e only, while {Arr)n — (ATa)n 
is expressible as a series in odd powers of e.

Similarly, expressing the value of k at the point r by a Taylor series in powers 
of At we get, using the last three of the equations (176),

K =  - { l - K ' ) cAT + \Knc{AT)2 + \{v2 + K'"){ATY+ .... (20)
The essential feature of this series is again that the coefficient of At is rational and 
tends to 1 as e-> 0. It follows that K~n, where n  is an integer, can be expanded as a 
series in ascending powers of At starting with the coefficients of the series
being rational and non-singular functions of 6“ and the particle variables at the 
contemporary point.

Any function of position on the world line expressible as a sum of terms con­
taining only positive integral powers of V1 and the particle variables at t, and positive 
or negative integral powers of k can therefore be expressed as a series in ascending 
powers of At the coefficients of which are rational and non-singular functions of 6" 
and the particle variables at re..If the highest negative power of k be K~m then the 
series commences with (At)- ”1, thus

f ^ , T ) =  2  AO'S t„) (A T , (21)
n== —m

where f nis a rational function of V and the particle variables at rc. f n cannot therefore 
contain an odd power of e = /̂( — L V1), but may contain an even power of e. Denoting 
by ( /)rand (f )a the values o f/a t the retarded and advanced points respectively, we get

(f)r + V )«=  £  /„ (^ T C){(JT,)"+(A-,,)”}n~ —m
— ascending series in even powers of e, (22)

and ( /)r- ( / ) « =  £  /n (^ c ){ (^ Tr)n- ( ^ r«)TC}
n= —m

= ascending series in odd powers of e. (23)
All functions with which we have to deal in this paper satisfy the conditions laid 
down for / .

Vol. 185. A. 17
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258 H. J. Bhabha and Harish-Chandra

The result (23) can be applied at once to (16c) to show it must be expressible as 
a series in even powers of e only. For the Maxwell field of a point charge this fact 
has already been noted by Dirac (1938). The series can have no negative powers of 
e since the greatest singularity in either of the terms on the right of (16c) is of the 
order e, and this cannot appear in the series since it is an odd power. Substituting 
the value of ra given by (19) into (20) we get

1 1 4i2p3
= + (24)

Similarly, the Taylor expansion of S  gives in conjunction with (19)

= ( # J c + ( 4 j ' T T̂ ) + M #JcT^ ? e (25)

Whence

(% ) = - % .  + + 0(e%
(26)

where we have separated terms of different orders in e by a comma. Reversing the 
sign of e to obtain ($ //c)r we get

- 2 S _ k"-2 I§ k/, (27)

The specialized radiation solution (16c) is therefore finite as e-> 0.
The two integrals on the right of (16a) remain finite as the point approaches 

the world fine since the integrands always remain finite on account of the well-known 
property of the Bessel function

Lt = 
u.+o un

(28)

which follows from (9). Hence the fundamental radiation solution given by (16a) 
of the generalized wave equation (8) is always finite on the world line. The same is 
also obviously true of the modified radiation solution (166).

Since the right-hand side of (27) only contains even powers of e starting from zero 
with coefficients which are rational integral functions of and the particle variables, 
it follows from the equations (5) that all successive derivatives of this series with 
respect to can be series containing only positive even powers of e none of the 
coefficients of which are singular. All successive derivatives of the left-hand side 
of (27) therefore remain finite and unambiguous as the field point approaches the 
world line.

Further, by a well-known property of the Bessel function which can be deduced 
immediately from (9), we have, for fixed r,

0 Jn(Xu ) = = Jn+\(XU)
'  w<* u du \ un J ** un+1 (29 )
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259On the fields and equations of motion of point particles

Hence dvdp. . . —'■ (30)
'll/

is always finite even on the world line, whatever the number of differentiations. 
Writing dvp for this expression for brevity and remembering that

we get

3, ( V .  *■ + 1 / . .  A ,.., *■}

+ (32)

Both of the first two terms on the right are finite on the world fine, and being of the 
general form of the right-hand side of (22), all their successive derivatives are also 
finite. The two integrals on the right are also finite by (30), so that it can be deduced 
by induction that all derivatives of the two integrals on the right of (16a) are finite 
on the world line. We have therefore proved that Ofad- and all its derivatives are 
finite on the world line, and hence the same must be true for Z7fad* and all its deri­
vatives. The radiation field with all its derivatives is always finite on the world line. 
The same is true of the modified radiation field.

From (15) it follows that we can write

^rad. = c/rad._A;J Tf D^ S dr + * J  " i ) Q  dr, (33)

where C/fad- contains only the sum of terms taken at the retarded and the advanced 
points and is expressible as a series in even powers of e. It should be noted that 
£/rad. 2)[Oyad-] but contains additional terms like the first two on the right of (32). 

Now consider the fundamental symmetric solution Ofym* defined by

Qsym. = +  Oadv>)

(34)

Writing (35)

Osym- = £ '8ym- - ^  I*” S dr.
2J-<x)" u

(36)

Although u2 is negative and u  purely imaginary for points on the world line between 
rr and Ta, since Jn{yu)fun is a series in ascending powers of u2 as shown by (9), the 
integrand of all the integrals is real at every point of the world line and varies con­
tinuously along it.

1 7 -2

 on July 19, 2018http://rspa.royalsocietypublishing.org/Downloaded from 

http://rspa.royalsocietypublishing.org/
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The first two terms on the right of (35) are of the general form (23) and must be 
expressible as a series in odd powers of e with rational integral coefficients. All 
derivatives of this part must have the same form, though they may be singular to 
a higher degree.

Similarly the integral in (35) can be expressed as a series in odd powers of e. For 
the value of the integrand at the point t can be expanded in a Taylor series. 
Denoting the integrand by i (r)  for brevity, and writing = r  — rc as before,

i (r)  = (37)

(9) shows that i  is an ascending series in positive powers of All derivatives of it 
with respect to r  remain series in positive powers of u2, and hence every coefficient 
(dni/dTn)c is a series in positive powers of e2. On integration we get

i ? (T)rfT=i « ( ^ T y ! © c {(zlTo)”+^ (jT')n+1}-

As proved earlier, each term in curly brackets is a series in odd powers of e only. 
The series on the right of (37) must therefore be expressible as an ascending series 
in odd powers of e the coefficients of which are non-singular and integral functions 
of the variables at the contemporary point. Hence, in the neighbourhood of the 
world line 0 'sym- can be expressed as an ascending series in odd powers of e. (For the 
Maxwell field of a point charge this fact has also been noted by Dirac (1938).) I t  is 
singular on the world line. I t  follows by using (5) that 0 'fym- and all its successive 
derivatives are also and always expressible as ascending series in odd powers of e, each 
having a higher singularity than the previous one.

The integrand of the integral in (36) is continuous along the world line. Hence it 
follows from (30) that the integral and all its derivatives are finite even on the world 
line. Further

(3,S '  + X2) f “ S . J* ^ d r =  f ” S . J d ^  + x V - ^ d r
J —00 w J —00 w

02 „ 0
du2 + Sudu + X J  u dr = 0, (38)

since the Bessel function satisfies just the equation obtained by putting the integrand 
equal to zero. Hence it follows from (36) that satisfies equation (8) at all
points of space not on the world line, and condition (10) on it. All its derivatives 
therefore also satisfy equation (8) at any point not on the world line.

Following Dirac we write for the actual potential a[ a point
f /a c t. =  [ /re t. +  [ / in . =  [ /a d  v. +  [/o u t. (3 9 )

Introducing the mean field defined by
JJ mean (40)
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we can also write it JJ&ct. _  Ĵsym.

=  C/'sym.+ [/'mean (41)

where [7'mean =  c/mean _  |  J  * dr> (42)

the operator D  being the same as in (12), (14) and (15). It is clear from (38) that 
jj'me&n satisfies the equation (8) at all points of space and is continuous and finite 
everywhere. We call it the modified mean field.

2. The equations of motion

Certain general results about the form of the equations of motion of the point 
particles can be deduced at once from the properties of the radiation and symmetric 
fields established above. The equations of motion of the point particle are obtained 
by using the stress tensor of the field to calculate the flow of energy and momentum 
into a thin tube surrounding the world line. The inflow along an infinitesimal length 
of the tube must then be put equal to a perfect differential for conservation of energy 
and momentum, and this provides the equation of motion of the point particle.

Let the tube be defined by Ifi/1 = — e2 with constant e. The element of three 
dimensional surface of this tube with its normal directed outwards is given by

lve( 1 — k'c) dr, (43)

dQ being the element of solid angle about the contemporary point in its rest system 
introduced in the previous section. The flow of energy and momentum into a portion 
of the tube of length dr is

{ j * V e(! ~  Kc) =  (44)

The equations of translational motion are then given by putting

T„ =  (45)

where A  is some function of the variables describing the state of the particle and 
the field at the point r and their derivatives.

The stress tensor T  is a homogeneous quadratic expression in the potentials and 
the field strengths which are linear derivatives of them. We denote by j?̂ ,(CM , U f)  
the more general expression that is obtained from it containing two independent 
fields U fm and U f  by replacing one U in each term by U f  and the other by and 
then making the expression symmetric in and U f . The resulting expression is 
thus linear in U f%and U f  separately and quadratic in the two. The original stress 
is just T ^ U " ,  U) in this notation.

For example, the stress tensor for the generalized Maxwell field is

®up @v + btfiv ®p<r ®P<T + X2( \g^v UpUp),
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the field strengths G b̂eing derivatives of the potentials TĴ . Then,

*  w & o f r + w B, PG tp+ b ^ i * G Bp,T
+ £x2( U f U f + U*U? -  r  U f 17*0),

Gjv being the field strengths corresponding to the potentials U f.
Returning to the general tensor for any field, we have, using (41),

U*ct-) = T ^ U '^+U '™ ™ ,  +  f/'meanj

= T^iuy™ -, U[B*m-) + 2Tflv( U y m-, ^ lmean) + ^ ( t f ' “ ean> 

Corresponding to this splitting up we get for the inflow

Tp =  rp’srva.. +  T >mix. +  (47)

where T***- (48)

T'mix. = 2jT flv( U y m-, U'™ean) 1 - k'c) (49)

and rp'mefm = f c y  tf'mean mean) ̂ e( 1 _  *') (50)

Since jj'sym. and its derivatives can be expressed near the world fine as series in 
odd powers of e only, it follows that T/w(t/[sym-, is a series in even powers of
e only. As far as the integration with respect to dQ is concerned, e is a constant, and 
the only quantities which vary are lv and terms containing it like k'c = lvvv, k"c = lvvv, 
etc. The integral of a product of say s factors lvlp ... vanishes from symmetry if is 
odd, and gives e8 multiplied by a constant if s is even. Hence, as a result of the factor 
e which appears explicitly in (43) and (48), j g a  s e r je s  jn  0dd powers of e only,
the coefficients of which are just functions of the particle variables on the world 
line at the point re. The inflow theorem (Bhabha & Harish-Chandra 1944) states that 
if the rate of inflow be expanded in a series in powers of e, the coefficients of all the 
terms except the one independent of e must be perfect differentials. being a
series in odd powers of e has no such term independent of e, and hence must be 
identically a perfect differential. It has also been proved that the inflow through 
two tubes of different shape can only differ by a perfect differential. therefore
plays no part in the equations of motion since it can always be eliminated by adding 
an identical term in A  . Thus the part of the stress tensor containing only the modified
symmetric field contributes nothing to the equations of motion.

Since £7'mean is a continuous and non-singular function at all points, y^mean must 
tend to zero as e->0 and hence it cannot contain any term independent of e. Ob­
viously, it can play no part in the equations of motion. It also follows from the 
inflow theorem that T̂ mean is identically a perfect differential. This can be easily 
verified by direct calculation.
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The only significant contribution to the right-hand side of (45) comes from the 
terms in p'mix. independent of e, which we denote by The equation of
motion must therefore be of the form

i ,  = [ r ^ ] 0. (si)
We note that the right-hand side of (51) can only contain f/'“ean and its derivatives 
multiplied by functions of the particle variables at the point r, and is linear in them. 
Another proof of this result which does not depend on an expansion of the symmetric 
field in powers of e is given below.

For a point charge and a dipole the highest singularity in is of the order
e-2. Since the integration over dQ of a function multiplied by the factor (43) gives 
at least a factor e3, no term containing U'mean can appear in the equations. The 
equations only contain the field strength 6r'_mean and its derivatives, 'fhis result is 
quite general and true also for higher multipoles, as is proved by one of us (H.C.) 
in the paper which follows this.

Since jj'mean contains an integral from — oo to oo it might appear as if the motion 
of the particle at rc depended not only on the motion of the particle in the past, but 
also in the future. Using (42), (40), (39) and (33) we see, however, that on the 
world fine

= -  f i r

= (£^ )c+ i(P :.rad0c, («2)
which clearly shows that the motion only depends on the actual motion of the 
particle at tc and in the past. It is reasonable to interpret |(  U?ad,)c as the field giving 
the effects of radiation reaction, and the last integral as an addition to the ingoing 
field due to the particle’s own motion in the past. It has already been mentioned 
that £7fad- is not just D[Ofad<] but contains in addition the terms which result from 
the differentiation of rr and ra in (16a) with respect to as, for example, the first 
two terms on the right of (32).

We also note that

U’̂mU ^ '  + l J 00 D k . . . ^ ]  dr

m Uret-- iU y ad- + |J ° °  2 ) ^ 4 ^ !

m Ufft- - | t r rad\  (53)

The last term is continuous everywhere. Hence
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(54)
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This gives precisely the mixed terms calculated in the previous papers with £/'rnean 
substituted in place of the which appeared in them. The process of finding the 
actual equations of motion therefore becomes very simple. We merely calculate the 
term independent of e in the inflow using the mixed part of the stress tensor, and 
then substitute £/' mean given by (52), in place of The only part of the calculation
which is at all cumbersome is the evaluation of required in (52). A convenient 
way of calculating this part is given by Harish-Chandra in the paper which follows 
this.

The general results established above hold also for the rotational equations. To 
calculate these use has to be made of the angular momentum tensor MX/lv instead 
of the stress tensor. Since

, -^A fiv =  XX ̂ /iv ~  X/i ^Xv ~  i^X 1 \~ +  (2A ^/iv ~  ^X v)’

we see at once that precisely the same arguments hold as before and the same result 
follows. Using (51) we have

[ 2 v r “ )i-e<i

= + ± ( z xA l, - z l,A x) - ( v xA l, - v /,A x), (56)

where

= C J{ ;A Trx  v ' ” ™-, u'.rn-1 ,  ;»"»•, (7;.™“ )} w  i -  o  <&. (57)

The rotational equation must therefore have the form

K + v*A, - vrA* = lMff-}>- <58>
We give an alternative proof of (51) which depends upon the symmetry existing 

between the retarded and the advanced points. This method of proof avoids the 
necessity of expanding the various quantities involved in series and therefore has 
the advantage of compactness. The retarded and advanced points are defined by 
(6) and indeed r r is that solution of (6) for which 0 and r a that solution for
which ( u0)a< 0. I t is clear therefore that in every equation which does not explicitly 
utilize the condition ( u0)r >0 or (u0)a < 0 we can always replace by and vice versa, 
because whatever holds for r r would also hold for r a and conversely. In particular 
this symmetry is exhibited in differentiation:

a ^ - S - ( = £ ) , .

=  )  •  < 5 9 >\ K la
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Now if we interchange a and r in (35) O'®7™* changes sign. js therefore anti­
symmetric in the indices a and r. From the symmetry shown by (59) in a and r it 
follows that

JJ'aym. _  £)[-£)'sym.j

is also antisymmetric in a and r. On the other hand, the modified radiation field 
(166) remains unaltered by an interchange of a and r. Therefore 0 [rad‘ and con­
sequently U '^ -  is symmetric in a and r. The same holds for E7'“ ean as is obvious 
from (42).

We calculate the inflow into two tubes surrounding the world line, called the 
retarded and the advanced tubes respectively, defined by the equations

Kr = e = er (retarded tube), \
Ka — —e = e a (advanced tube), j
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where e is a positive constant. The intersection of these two tubes with the future 
and the past light cones starting from z^(t) respectively are called similarly the 
‘ retarded ’ and the * advanced * spheres of radius e at r. The three dimensional surface 
elements of the two tubes with the normals outwards can be written as

dSf = dvKrdQrdr (for retarded tube), )
dSva — —dvKadQadT(for advanced tube),/ ̂  ^

where dQr is an element of surface of the two dimensional retarded sphere of radius 
e at r and similarly dQa is an element of the surface of the corresponding advanced 
sphere. The difference in sign in the two equations in (61) is important and arises 
from a similar difference in (60), where increasing e corresponds to increasing Kr 
and decreasing Ka.

For brevity put I Tf"(U±, Uf„)d,K^Qrs  T ({V ± , UBJ , (62a)

UBJd„KadQa=TIHU±, (626)

Let Iff: denote the rate of inflow calculated on the retarded tube and /g  that on the 
advanced tube. For the equations of motion the significant part of the inflow is the 
part of these independent of e, which we denote by [/£]0 and [7g]0 respectively. Then 
by (46) and (62) we get

[/£]<, =  [ T?(£T8ym*, £7'8ym-)]o + [2T?( £Tmean)]0 (63)

and [Jg]0 =  - [ Tg(U '8ym-, E/'.sym-)]<>-  2T&(U[aym’, U'™e&n)0. (64)

For calculating T̂ (̂ 7'®ym•, ?7'.8.yIn•) and T%( U'8JTa', 8ym")we have to put 
U f  = Uf" = C7'sym- in (62). Since f7'8ym‘ is antisymmetric in a and r it follows that 
7T/iV(J7'®yn|;, Uy™-) is symmetric in a and r. Thus it is easy to see from (62) that if we 
interchange* a and r in the calculation of T^((7'sym', C/'sym,)weget C/'syin-).

* This interchange also implies interchange of er and  ea.
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But C7'8ym-)]0 is independent of e and is a function only of the particle
variables at r  sp that the interchange of a and does not affect it. Therefore we 
must have

[T& uym-, u'»r-)]o = uym-> uym-)]0. (65)

On the other hand, since C/'mean is symmetric in a and r while U[eJm- is antisymmetric, 
it follows that T>IV{ U y m-, £7'mean) must be antisymmetric in a and r. Therefore by 
an analogous reasoning

[ T£( uym-, f/;™ean)]0 =  -  [t?( . (66)

Therefore on subtracting (64) from (63) we get

U f l o - U S l o  =  2 ( 6 7 )

The left side being the difference between the rates of inflow on two tubes is a perfect 
differential and therefore so also is the right side. From this (51) follows immediately.

Since C7'sym- satisfies the wave equation (8) at all points not on the world line, it 
follows that

dvTllv{ u y m-, = o,

except on the world line. We can therefore take for the modified stress tensor of 
the field,

T' T ^ - T ^ u y y  uy™ -)
2 T y U y m -, {7!mean) + ^ ( ^ mean, £ / 'mean) ( 68 )

This tensor satisfies the conservation equation except on the world line and leads to 
the same equations of motion as the original tensor. It has the advantage that the 
worst singularities of which are contained in the part Tflv(U[BTm\  77'_8yin-) are 
absent from it. I t does not contain in particular, the infinite static field energy of 
the point particle. The new angular momentum tensor is then defined by (55) with 
T'^ in place of T^.

The theory given above can be generalized immediately to the case of several point 
particles. The modified symmetric field £7'sym (s) of the sth particle is defined pre­
cisely as in (35). The actual field can then be split into

JJ&ct. =  jfj/mean +  v  £7'sym.W (6 9 )
S=1

where £7'meai) = i(C7™;+ C70ut-) — J

= I7to- + 2 |? 7 'rad-(s). (70)
1

u(s) denotes the distance from the point x*1 to the point ẑ (s) on the world line of the 
sth particle. The equation of the 5th particle is then

A f = [T„(uym-is\  u y e&ny ] 0, (71)
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where £7'mean(s) = {/'m ean.). ^
t + 8

—f/a c t ._jj> 8ym.(s)

=  ^ ! ? ; +  S  C7yft.(0+ lJ7 'rad .(s )

= + 2  c/ret-«)+ ^{7^d.(8)_ ^ r T ^  (72)
<+« ' J -00 L <*' J

It has already been shown that ?7' ®ym-W) has no effect in determining the
motion of the sth particle. Since U'sym-(s) is certainly finite and continuous on the 
world line of the other particle^, it is clear that this part of the stress tensor also 
has no effect in determining the motion of the other particles. Hence we can take 
as the modified stress tensor
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2  T ju '* r * '® y
5 = 1

=  S  T  (E P T O W , U [“ eanj +  £  £  IT  Byxn-<s>, (73 )
5=1 5>$=1

This tensor is conserved and gives the same equations of motion for each particle 
as Tmv. It also has the advantage that it does not contain the worst singularities 
contributed by the static field energies of the individual particles.

Finally, it may be mentioned that a ‘Wenzel’ field can be introduced in the 
general theory treated here just as in the case of a point charge moving in a Maxwell 
field (Dirac 1939). We take the world line of the particle to extend from —00 to a 
point tb . N ow define the fundamental Wenzel solution for the particle by

X | d r  for tb < tt ,j
( % ) . - * /

Tr S  J l l W ) dT for Tr < TB <  Ta,

The first condition is satisfied when the point lies in the future light cone of the 
point tb , the second when it lies outside the light cone, and the third when it lies in 
the past light cone. This field is clearly just Offf* — Ofdv‘ as given by (7) and (13) for 
a world line that extends from — 00 to tbonly. With the help of the Green’s function 
given by one of us in an earlier paper (Bhabha 1939), which is a generalization of the 
relativistic delta-function of Jordan and Pauli, can be written in the form

0 ^ =  ( T* S  ' G ^ iu ^ d T ,
J — CO

(75)
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where

Gmd-(u2)

2S{u2) - x ^—  for 0, 0,

0 for < 0.

+ for >0. (76)

Gr&d- satisfies the generalized wave equation (8) at all points not excepting = 0, 
and hence 0 ^satisfies (8) at all points including those on the world line. Define the 
generalized Wenzel potential by

U W = Uin. + I )[0 Wj (77)

Now if M  be a small time-like vector, then it is easily seen that

Lt 1 { U w (zv(tb ) +  M ) + U w (z/*(t b ) - M ) }  =  +  \ U nA-{p)
A->0

=  J / 'm e a n ^ )  (7 8 )

This is precisely the field (52) which enters into the equation of motion (51) of the 
point particle.

If n particles are present we have simply to define the generalized Wenzel 
potential by

U * = U™; + £  U ^ s\  (79)
8=1

where Uw^  = D[Ow}%

and it follows at once that

Lt \{U W{z ^  + M) + UW{ z ^ - X f 1)} an(S)5 (80)
A-̂ 0 “

which is the field that determines the motion of the 5th particle.
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