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A dynamic analysis is given of the wave propagation in a polycrystalline shape
memory alloy semi-inﬁnite rod subject to an impulsive load described by a rectangular
loading function. This is a continuation of the previous study for which the impact
load is described by a step loading function, and for which the rod undergoes
martensitic phase transformation only. In the presence of unloading, the rod also
undergoes reverse transformation from martensite to austenite. A maximum internal
dissipation criterion is proposed to select a unique dynamic solution, in which an
elastic unloading wave front precedes the reverse transformation wave front. This
elastic unloading wave will meet with the forward transformation wave at a later time,
leading to a sequence of wave encounters and progressively more complicated proﬁles
of the state variables. The asymptotic behaviour of the solution and the energy
dissipation are discussed.
Keywords: dynamics; phase transformation; shock waves; dissipation;
polycrystalline material

1. Introduction
In a previous paper, Chen & Lagoudas (2000) studied the dynamic solution of a
shape memory alloy (SMA) semi-inﬁnite rod subject to an impact load deﬁned by
a step loading function. One of the focuses of the work is on the initiation and
propagation of stress waves and phase transformation fronts in the rod. The
material behaviour of the shape memory alloy is modelled by a thermomechanical constitutive theory developed by Lagoudas et al. (1996) for polycrystalline
Ni–Ti alloys. A typical solution involves two wave fronts which are initiated at
the impact surface and propagate into the rod. One, travelling at the acoustic
speed, separates the tranquil and disturbed regions. The other, travelling at a
lower speed, separates the regions of the martensitic and austenitic phases.
Because the stress of the step loading function remains constant after the impact,
the wave pattern is unaltered with the two wave fronts propagating indeﬁnitely
without interference with each other.
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A similar problem was studied by Bekker et al. (2002) for various constitutive
functions. Both isothermal and adiabatic analyses are presented. In this work,
the jump conditions are not explicitly introduced and the numerical solutions of
the ﬁeld equations are obtained by using a Lax–Friedrichs ﬁnite-difference
scheme. Nevertheless, the numerical solutions do show narrow regions where the
values of the state variables change rapidly. This is consistent with the practice
of allowing non-smooth solutions which satisfy the jump conditions.
A combined numerical and experimental investigation of the dynamic loading
of polycrystalline SMA rods was recently given by Lagoudas et al. (2003). The
numerical simulations utilise a ﬁnite-element method. The energy dissipation is
evaluated for a square pulse stress input. The dynamic response of a NiTi SMA
rod is also studied experimentally in a split Hopkinson bar apparatus under
detwinning conditions. Strain history records obtained by strain gauges placed at
different locations along the SMA rod are compared with numerical simulations.
In many practical problems, an impact load is impulsive with a short time
duration. A rectangular loading function is often used to model such an impact
load. Under this loading function, the dynamic solution during loading is
identical to that for the step loading function. Once unloading takes place,
however, the solution becomes drastically more complicated. Not only will two
new wave fronts emerge at unloading, the wave pattern will no longer be
unaltered afterwards. An inﬁnite sequence of wave encounters will occur, giving
rise to a rapidly increasing number of moving regions of different states. As a
result of wave encounters, energy dissipates, and the rod will eventually reach a
state in which only a fraction of the input energy is being carried forward. The
purpose of this paper is to study such a dynamic solution.
The mathematical theory of dynamics of continuous media is fairly well
developed. Expositions of the basic theory can be found, for example, in Courant
& Friedrichs (1956), Bland (1969) and Lax (1973). More contemporary
treatments of the topic, that involve material phase transformations in solids,
can be found in James (1980), Pence (1986, 1991, 1992) and Abeyaratne &
Knowles (1991, 1994a,b). In these works, the constitutive functions of nonlinear
elasticity are used. Moving or stationary phase boundaries are associated with
multi-well potential energy functions. Also included in Abeyaratne & Knowles’
theory are a kinetic relation and a nucleation criterion for the motion of phase
boundaries. Such a theory appears to be particularly suitable to model SMA
single crystals.
In the present work, we use the constitutive theory developed by Lagoudas
et al. (1996) for SMA polycrystals. Besides the austenitic phase and the
martensitic phase, there is a continuous spectrum of partial phases characterized
by a parameter, the martensitic volume fraction. The constitutive theory also
contains an internal variable, the transformation strain, which is determined by a
transformation equation in relation to the martensitic volume fraction. Another
feature of the present work is the choice of the rectangular loading function with
prescribed time duration and stress level. While this loading function is suitable
for modelling impulsive loads in real physical situations, we have been unable to
ﬁnd the corresponding dynamic analysis for solids that can undergo phase
transformations. In addition, full consideration is given to the thermal effect,
coupled with the mechanical effect and the material phase transformation. In
particular, temperature and the balance of energy are analysed in this work.
Proc. R. Soc. A (2005)
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In §2, we formulate the dynamic problem to be studied. The ﬁeld equations
and jump equations for various balance laws are introduced. The assumption of
adiabatic processes is rationalized, and the constitutive theory for the
polycrystalline SMA is described.
The structure of dynamic solutions for materials with piecewise linear stress–
strain relation under piecewise constant initial and boundary conditions is
discussed in §3. The solutions have a distinct simplicity of being piecewise
constant. These solutions can be found by solving the jump equations, which are
algebraic equations. It should be noted that even when the stress–strain relation
is not piecewise linear, a piecewise constant solution determined by the jump
equations still satisﬁes the balance laws precisely, as do many other solutions,
smooth or non-smooth.
This issue of non-uniqueness is addressed in §4. Inspired by the work of
Dafermos (1973), we require that the admissible solution must have maximum
internal dissipation, which is deﬁned as the difference between the rate of change
of entropy per unit coldness (reciprocal of temperature) and the power of
thermodynamic force associated with the phase transformation. A graphic
representation of this maximum dissipation criterion is presented, which is used
subsequently for selecting a unique piecewise constant solution.
In §5, the constitutive function proposed by Lagoudas et al. (1996) is used in
the dynamic analysis. It is found that the stress–strain relation in a complete
loading–unloading cycle is approximately piecewise linear. Hence, the piecewise
constant solution selected by the maximum dissipation criterion is close to the
exact solution, which may not be piecewise constant in general.
The dynamic solution during loading is studied in §6. The piecewise
constant solution contains two shock waves: an elastic loading wave and a
phase transformation wave. Divided by these waves are three regions of
constant state variables: the tranquil region, the region at the start of
martensitic transformation, and the region of the full martensitic phase. Such
a solution is essentially identical to that in the previous work (Chen &
Lagoudas 2000).
Section 7 concerns the dynamic solution at the initial stage of unloading. The
solution has a similar characteristic to that at loading. Two additional wave
fronts are initiated upon unloading. One corresponds to elastic unloading, and
the other to reverse phase transformation. Hence, there are altogether four wave
fronts propagating in the rod. As these waves pass a material point, it undergoes
successively elastic loading to the martensitic start, then loading to full
matensite at the impact stress, then elastic unloading to austenitic start, and
ﬁnally to full austenite at zero stress. This sequence, however, will be interrupted
once the elastic unloading wave meets with the forward martensitic transformation wave.
Such a wave encounter and the subsequent solution are studied in the
concluding §8. It is found that a wave encounter generates at least three new
waves. There are one or two progressing waves, one standing wave, and one or
two reﬂecting waves. These waves and the state variables in various regions are
determined by using the jump equations, the transformation equations, and the
maximum dissipation criterion. More wave encounters take place at increasing
frequency and density as time progresses. The asymptotic behaviour and the
energy dissipation of the solution are discussed.
Proc. R. Soc. A (2005)
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2. Basic formulae
We consider a semi-inﬁnite rod, which will be modelled as a one-dimensional
body. The rod is assumed to occupy the positive real axis RC, which is taken as
the reference conﬁguration, in the initial state. A material particle is represented
by its coordinate x 2RC in the reference conﬁguration. We denote by u(x, t) and
T (x, t), respectively, the displacement and the absolute temperature of the
material point x at time t. The displacement u is assumed to be continuous and
piecewise C2 in the domain U h RC !RC of space and time, and the temperature
T is assumed1 to be piecewise C2 in U.
The strain e and the velocity v are given by
eðx; tÞ Z ux ðx; tÞ; vðx; tÞ Z ut ðx; tÞ;

ð2:1Þ

where the subscripts x and t denote the partial derivatives with respect to these
variables. The strain and the velocity must satisfy the compatibility condition
et Z vx

ð2:2Þ

2

at a point where u is C .
In this work, we shall neglect body forces, external body heating source and
heat conduction. The local form of the balance of linear momentum gives the
following equation of motion
rvt Z sx ;
ð2:3Þ
where r is the constant mass density, and s(x, t) the stress ﬁeld which is assumed
to be piecewise C1 in U. The value of s is a measure of the resultant axial force
over the cross-section of the rod. The local form of the balance of energy states


1 2
r eC v
Z ðsvÞx ;
ð2:4Þ
2
t
where e(x, t) is the internal energy. Here, the contribution of heat conduction to
the energy balance has been omitted. The local form of the Clausius–Duhem
inequality, as required by the second law of thermodynamics, states
ht R 0;

ð2:5Þ

where h(x, t) is entropy.
A dynamic solution may be associated with moving surfaces, called shocks,
across which various ﬁeld quantities suffer jump discontinuities. The location of a
shock can be identiﬁed by the material coordinate s(t) of the particle which the
shock is crossing at time t. The function s is assumed to be C1. The jump of a
function f (x, t) at a shock xZs(t) is deﬁned by
E f F Z lim½f ðsðtÞ C d; tÞKf ðsðtÞKd; tÞ:
d/0

1

ð2:6Þ

In the presence of heat conduction, the temperature is expected to be continuous. The effect of
heat conduction on the solution, however, is small compared to that of stress power and inertia for
typical impact problems. This gives rise to solutions in which the temperature changes rapidly in
some narrow regions known as shocks. An idealization of such solutions is made in the adiabatic
analysis, as shall be assumed in this work, by neglecting heat conduction and allowing the
temperature to be discontinuous across the shocks, which take the form of moving surfaces.
Proc. R. Soc. A (2005)
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The kinematic compatibility, the balance of linear momentum, the balance of
energy, and the Clausius–Duhem inequality at a shock lead to the following jump
conditions:
st EeF C EvF Z 0;

ð2:7Þ

rst EvF C EsF Z 0;

ð2:8Þ

1
rst Ee C v 2 F C EsvF Z 0;
2

ð2:9Þ

Kst EhFR 0:

ð2:10Þ

The ﬁeld equations (2.2)–(2.4) and the jump equations (2.7)–(2.9) are to be
solved with the aid of constitutive equations. The rod is assumed to be composed
of a shape memory alloy which is capable of undergoing stress- and thermalinduced phase transformations. In this work, we shall employ a one-dimensional
version of the thermomechanical constitutive theory developed by Lagoudas
et al. (1996). The derivation of the one-dimensional constitutive functions, based
on the plane stress assumption, from the original three-dimensional theory is
routine and omitted here for brevity.
The constitutive theory is formulated with Gibbs free energy G of the
following form:
G Z Gðs; T; xÞ;
ð2:11Þ
where x is martensitic volume fraction, which is a function of x and t, and takes
values in [0,1]. The function x(x, t) is assumed to be piecewise C1 and may suffer
jump discontinuity across a shock that separates two material phases. It must be
noted that the constitutive function of the SMA is actually history dependent.
The function relation in (2.11) displays only the state variable at the present
time. Omitted are such parameters as the sign of xt, and the values of x and G at
the past time when xt changed sign.
The strain consists of two parts
e Z ee C et ;

ð2:12Þ

where ee is the elastic strain, and et the transformation strain. The Gibbs free
energy is related to the internal energy through the following equation:
1
e Z G C Th C see :
r

ð2:13Þ

It follows from a standard argument in thermodynamics that the elastic strain ee
and the entropy h are given by
ee ZKr

vG
;
vs

vG
h ZK
:
vT

ð2:14Þ
ð2:15Þ

In the three-dimensional constitutive model of Lagoudas et al. (1996), no
reorientation of martensitic variants is considered. For proportional loading, of
Proc. R. Soc. A (2005)
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which the plane stress is a special case, the equation for the evolution of the
transformation strain tensor and the evolution of the martensitic volume fraction
can be integrated. The axial component of the resulting equation gives
et Z H sgnðsÞx;

ð2:16Þ

where H is a positive material constant corresponding to the maximum
transformation strain.
The constitutive equation for the martensitic volume fraction x is derived from
a dissipation potential theory. The thermodynamic force p conjugate to x is
deﬁned by
vG
p Z H jsjKr
:
ð2:17Þ
vx
The phase transformation takes place when jpj reaches a certain threshold value
Y, which is a measure of the dissipation during the phase transformation. In the
course of a forward martensitic phase transformation, the value of p equals Y,
while x increases until it reaches 1. On the other hand, in a reverse phase
transformation, p equals KY, while x decreases until it reaches 0. Such processes
can be described by the Kuhn–Tucker conditions
pxt R 0; ðp2 KY 2 Þxt Z 0; p2 KY 2 % 0

if 0! x! 1:

ð2:18Þ

The equations of energy balance (2.4) and (2.9) can be written in alternative
forms. Substituting (2.13) into (2.4) and using (2.2), (2.3), (2.12) and (2.14)–
(2.18), we ﬁnd that


1
r e C v 2 KðsvÞx Z rTht Kpxt Z rTht KY jxt j Z 0:
ð2:19Þ
2
t
It is observed that a solution of the last equation satisﬁes the entropy inequality
(2.5). Also, it follows from (2.7)–(2.9), (2.12), (2.13) and (2.16) that
1
rst Ee C v 2 F C EsvF Z st ðrEG C ThF C heiEsFKH EjsjxFÞ Z 0;
2
where h$i denotes the average of a function across the shock, e.g.
1
hei h lim ½eðsðtÞ C d; tÞ C eðsðtÞKd; tÞ:
d/0 2

ð2:20Þ

ð2:21Þ

3. Stress–strain curve. Piecewise constant solutions
Smooth solutions and jump solutions, satisfying (2.19) and (2.20), respectively,
follow different stress–strain relations in general, due to the presence of dissipation
associated with a jump solution. For either solution, the strain e is related to the
stress s, the temperature T and the martensitic volume fraction x through equations
(2.12), (2.14) and (2.16). Equations (2.17) and (2.18) can be used to determine x in
terms of s and T, and the energy balance equation, either (2.19) or (2.20), further
determines T in terms of s, thus leading to the stress–strain relation.
For typical Ni–Ti shape memory alloys, the stress–strain relation for smooth
solutions, as determined by (2.12), (2.14) and (2.16)–(2.19), is approximately
piecewise linear. That is, it is approximately linear in the austenitic phase, in the
Proc. R. Soc. A (2005)
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martensitic phase, and during the phase transformations (forward or reverse). As
a result, a solution can be approximated by one that corresponds to an
appropriate piecewise linear stress–strain relation.
When the stress–strain relation is piecewise linear, the solutions of the
dynamic problem enjoy a distinct simplicity, as has been exploited to a great
extent in the work of Abeyaratne & Knowles (1991). Indeed, in this case,
equation (2.2) becomes
Sst Z vx ;
ð3:1Þ
where S is the local constant elastic compliance. Equations (2.3) and (3.1) form a
hyperbolic system of ﬁrst order partial differential equations with constant
coefﬁcients. The general solution of this system is the well-known d’Alembert
solution
s Z f ðx C atÞ C gðx KatÞ;
v Z Sa½f ðx C atÞKgðx KatÞ C C ;
ð3:2Þ
where f and g are arbitrary functions, C an arbitrary constant, and a is the local
acoustic speed given by
1
a h pﬃﬃﬃﬃﬃﬃ :
ð3:3Þ
rS
When initial and boundary conditions are given, the general solution (3.2) readily
leads to the particular solution of the dynamic problem. In particular, when the
initial and boundary conditions are piecewise constant, as shall be assumed in this
work, the particular solution is also piecewise constant. Precisely, the x –t plane is
divided into a number of regions by certain straight line segments (corresponding to
the shocks), and in each region the state variables s and v, and consequently T and x,
are constant. Clearly, the ﬁeld equations (2.2)–(2.4) are satisﬁed in the interior of
each region. On the boundaries the solution must satisfy the jump equations (or
initial/boundary conditions). It should be noted that the shocks result not only from
the discontinuity of the initial/boundary conditions, but also from the nonsmoothness of the constitutive functions at the start and the ﬁnish of phase
transformations, as well as from the intersection of the characteristic curves.
In the remainder of this paper, we shall focus on the solutions of the jump
equations.
4. Non-uniqueness of jump solutions. Maximum dissipation criterion
It is well known (e.g. Courant & Friedrichs 1956) that a nonlinear dynamic problem
may admit weak solutions (jump solutions as termed here) even when the initial and
boundary conditions are smooth. If weak solutions are allowed, uniqueness of
solution is lost. As can be readily demonstrated, the jump equations (2.7)–(2.9)
have inﬁnitely many solutions that satisfy the given initial/boundary conditions.
Various criteria have been proposed (e.g. James 1980) to ensure the uniqueness. In
this paper, we shall employ a criterion that is inspired by the entropy rate
admissibility criterion proposed by Dafermos (1973). Roughly speaking, his criterion
requires that for the admissible solution the total entropy decrease2 with the highest
possible rate. Similar criteria have been developed by Pence (1991, 1992).
2

The entropy in Dafermos (1973) is deﬁned mathematically, which corresponds to the negative of
the physical entropy.
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To adapt the idea to the present problem, we deﬁne internal dissipation of a
material point by
ð4:1Þ

d h rTht Kpxt :

Following Truesdell (1969), the internal dissipation is interpreted as the amount
by which the rate of change of entropy per unit coldness (reciprocal of
temperature) exceeds the power of the thermodynamic force p conjugate to x. It
follows from (2.19) that the internal dissipation d is zero at a point where the
solution is smooth, but is in general not zero at the shocks. The total internal
dissipation is obtained by integrating d over the rod
ðN
D Z ðrTht Kpxt Þdx:
ð4:2Þ
0

The integrand in (4.2) is taken in the sense of distribution as h and x may be
discontinuous at a shock. In this work, we shall require that the total internal
dissipation of an admissible solution be maximum among all possible solutions.
In virtue of (2.19), the total internal dissipation can be written as
X
DZ
st ðKrhTiEhF C hpiExFÞ:
ð4:3Þ
Here and henceforth, the summation is taken over all shocks. In deriving (4.3),
use has been made of the equation
ð sCe
lim
f ðxÞg 0 ðxÞdx Z hf iEgF:
e/0

sKe

By using (2.12), (2.14)–(2.17), (2.20) and (4.3), we can rewrite the total internal
dissipation as
 
 
 
X 
vG
vG
vG
DZ
rst EGFKEsF
KETF
KExF
:
ð4:4Þ
vs
vT
vx
The last expression possesses a certain mathematical structure which is a
generalization of that in the analysis of Dafermos (1973). Let (sK, T K, xK) and
(sC, TC, xC) be the left and right limits, respectively, of s, T and x at a shock.
The straight line segment joining these two points in the s–T–x space can be
represented in the following parametric form:
TðsÞ Z T K C

ETF
ðsKsKÞ;
EsF

xðsÞ Z x K C

ExF
ðsKsKÞ:
EsF

ð4:5Þ

Implied here is the notation ETFZTCKT K, etc. The value of the Gibbs free
energy over this line segment is
~
GðsÞ
Z Gðs; TðsÞ; xðsÞÞ:

ð4:6Þ

We deﬁne a generalized strain 3 by


vG ETF vG ExF vG
0
~
3ðsÞ ZKrG ðsÞ ZKr
C
C
:
vs
EsF vT EsF vx
Proc. R. Soc. A (2005)
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Figure 1. Graphical interpretation of the maximum dissipation criterion.

It then follows that
ð sC
1 C K
3ðsÞds
ðs Ks Þ½3ðsCÞ C 3ðsKÞK
2
sK

 
 
 
vG
vG
vG
Z r EGFKEsF
KETF
KExF
:
vs
vT
vx

ð4:8Þ

The right-hand side of (4.8) has appeared in (4.4), while the left-hand side is the
(signed) area between the cord that joins (sK, 3(sK)) with (sC, 3(sC)) and the
graph of 3(s), as depicted in ﬁgure 1 for a piecewise linear stress–strain diagram.
We thus argue that the jump solution should be such that this area is maximum
when stO0, and is minimum when st!0.
Hence, for a jump solution where shocks propagate from low stress region sK
to high stress region sC (i.e. stO0), the solution with maximum total internal
dissipation involves two shocks: one from sK to sM, and the other from sM to sC.
The internal dissipation at the ﬁrst shock is maximum while at the second shock
is zero. On the other hand, for a jump solution where shocks propagate from sC
to sK (st!0), the maximum internal dissipation criterion again renders two
shocks: one from sC to sA, and the other from sA to sK. For the SMA
polycrystals studied in the present work, the stress–strain diagram is of the form
of ﬁgure 1 with the segment A–M corresponding to the phase transformation
between austenite and martensite.3
It must be pointed out that the above argument is presented primarily for
the purpose of providing a suggestive guideline for selecting the admissible
solutions in the numerical implementation to be presented in the sequel. The
argument needs to be further developed in at least two aspects. Firstly, the
effect of the propagation velocities st of shock waves on the internal dissipation
3

For a typical Ni–Ti alloy, the forward and reverse transformations follow different paths. Figure 1
thus represents a part of the stress–strain diagram.
Proc. R. Soc. A (2005)
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has not been accounted for. This effect is fully considered in Dafermos’ (1973)
work, where he shows, for two particular systems, that the effect of st does not
alter the ﬁnal solution, and that the maximum dissipation rate criterion is
equivalent to the so-called viscosity criterion. Secondly, the generalized strain
deﬁned in (4.7) is not the physical strain which is used in the subsequent
analysis, since it also involves the change of the Gibbs free energy due to the
changes of temperature and martensitic volume fraction. Also, for the stress–
strain curve derived in the sequel, the temperature and martensitic volume
fraction do not change linearly in the stress, as is taken in (4.5). Nevertheless, a
fairly extensive numerical investigation has indicated that the argument of
maximizing (minimizing when st!0) the signed area does lead to the solution
that has the maximum internal dissipation among all the solutions that have
been tried. This area argument gives a simple and convenient way to visualize
the maximum dissipation criterion. A rigorous analysis for this argument is the
subject of further research.

5. An SMA constitutive function
We consider a speciﬁc form of the constitutive function for polycrystalline SMAs,
which is developed by Lagoudas et al. (1996). The Gibbs free energy is of the form


1 A
a
T
2
Gðs; T; xÞ ZK ðS C xDSÞs K sðT KT0 Þ C c T KT0 KT ln
2r
r
T0
1
A
ð5:1Þ
KðhA
0 C xDh0 ÞT C e0 C xDe0 C f ðxÞ;
r
DS h S M KS A ;

A
Dh0 h hM
0 Kh0 ;

De0 h e0M Ke0A ;

ð5:2Þ

where T0 is the reference temperature, a the thermal expansion coefﬁcient, c the
speciﬁc heat, S A and S M the elastic compliances in the austenitic phase and
M
A
M
martensitic phase, respectively, hA
0 and h0 the reference speciﬁc entropies, e0 and e0
the reference speciﬁc internal energies, and f (x) the hardening function which
physically represents the free energy of mixing. Here, it has been assumed that the
thermal expansion coefﬁcient and speciﬁc heat remain constant during the phase
transformation.
A polynomial form of the hardening function is used, which reads
8
!
>
1
1Kx
1
>
>
when xt O 0;
f K rbM x2R KmxR
rbM x2 C mx C
>
>
<2
1KxR R 2
!
f ðxÞ Z
ð5:3Þ
>
>
1 A 2
x
1 A 2
>
>
when xt ! 0;
>
: 2 rb x C xR fR K 2 rb xR
where m, bA and bM are material constants, and xR and fR are the values of x and
f, respectively, at which xt previously changed sign. Substituting (5.1) and (5.3)
into (2.17) and (2.18), we ﬁnd that during phase transformations the value of x is
Proc. R. Soc. A (2005)
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given by
8
1
0
>
>
1 M 2
>
>
rb
f
K
x
Km
>
R
R
>
C
>
2
>
1 B
1
C
B
>
2
>
DSs
H
jsjC
CrDh
T
KrDe
KY
C
C when xt O0;
B
>
0
0
M
>
A
2
1KxR
> rb @
>
>
<
0
xZ
1 A 21
>
>
f
K
rb xR
>
R
>
B
C
>
2
>
1
1
B
C
>
2
>
DSs
when xt !0:
H
jsjC
CrDh
T
KrDe
CY
K
B
C
>
0
0
A@
>
A
2
x
>
rb
R
>
>
>
>
:
ð5:4Þ
The prescribed impact stress on the boundary is compressive. Hence, the stress
and strain in the rod are non-positive. Substituting (5.1) into (2.12) and (2.14)–
(2.16), we ﬁnd that
ð5:5Þ
e Z S A s C aðT KT0 Þ C ðDSsKH Þx;
hZ

a
T
s C c ln
C hA
0 C Dh0 x:
r
T0

ð5:6Þ

For numerical solutions, we choose the reference temperature to be T0Z315 K,
and use the following values of the material constants for typical equiatomic NiTi
SMA from Lagoudas et al. (1996):
9
1
1
M
K5 K1
>
>
SA Z
Z
K
;
H
Z
0:05;
;
S
;
a
Z
10
>
>
70!103 MPa
30 !103 MPa
>
=
K3
K1
A
M
r Z 6450 kg m ; rDh0 ZK0:35 MPa K ; rb Z 7:0 MPa; rb Z 5:25 MPa; >
>
>
>
>
;
K1
m C rDe0 ZK106 MPa; Y Z 3:76 MPa; rc Z 2:12 MPa K :
ð5:7Þ
Consider a complete loading–unloading cycle in which an SMA sample undergoes
quasi-static loading from 0 to K700 MPa, followed by quasi-static unloading to
0 MPa. The corresponding stress–strain curve, obtained from ﬁrst solving (2.19),
(5.4) and (5.6) for T and x, and then substituting the result into (5.5), is shown in
ﬁgure 2. During loading, the material remains austenitic phase until the
compressive stress reaches about 165 MPa, at which the martensitic phase
transformation starts. The transformation ﬁnishes at the stress level of 614 MPa.
Further increase of stress level gives elastic loading in martensite. Upon
unloading, the material ﬁrst undergoes elastic unloading, and then starts reverse
phase transformation at about 504 MPa, which ﬁnishes at about 17 MPa.
It is also observed that the stress–strain curve is approximately linear in
austenite, in martensite, during the forward transformation, and during the
reverse transformation. By the argument in §3, a dynamic solution is
approximately piecewise constant when the boundary condition is piecewise
constant. Such a solution is determined by jump equations (2.7), (2.8) and (2.20).
We now turn our attention to such solutions.
Proc. R. Soc. A (2005)

Downloaded from http://rspa.royalsocietypublishing.org/ on January 17, 2018

3882

Y.-C. Chen and D. C. Lagoudas
800
2

|s | (MPa)

700
600

5

500

10

6
3, 7, 11

400
300
200

1

100
9
0

8, 12, 13
0, 4, 14
0.01

0.02

0.03

0.04
|e |

0.05

0.06

0.07

0.08

Figure 2. Stress–strain curve of the SMA under quasi-static loading/unloading.

6. Dynamic solution. Loading
We consider the dynamic solution for the SMA rod subjected to a rectangular
impact load. The rod is initially at rest and in the austenitic phase, with zero
stress and uniform temperature T0. At the initial time, the end of the rod is
subjected to an impact load of the duration tZ5 ms, and of the prescribed stress
spZK700 MPa, which exceeds the stress level at the ﬁnish of the martensitic
transformation. The initial and boundary conditions are
vðx; 0Þ Z 0; sðx; 0Þ Z 0; Tðx; 0Þ Z T0 ; xðx; 0Þ Z 0;
(
sp when 0! t! t;
sð0; tÞ Z
0 when t! t!N:

0% x !N;

ð6:1Þ
ð6:2Þ

We shall search for piecewise constant solutions, in consideration of the piecewise
constant boundary condition and the approximately piecewise linear stress–
strain relation. A piecewise constant solution can be represented, in the x–t
plane, by a number of polygonal regions, in each of which the state variables s, e,
T and x are constant. The boundary of a polygonal region consists of either shock
lines or the coordinate axis of the x–t plane. A solution procedure is to identify
the shock lines and to determine the values of the state variables in each region,
by using the jump equations, the transformation equations, and the maximum
dissipation criterion.
At the initial stage of loading, there is a discontinuity of the stress at the origin
xZ0, tZ0. This discontinuity will propagate into the rod in such a way that the
jump equations (2.7), (2.8) and (2.20), as well as the transformation equation
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(5.4) whenever applicable, are satisﬁed. There are, however, inﬁnitely many
solutions that meet the initial/boundary conditions near the origin. A unique
solution is selected by the maximum dissipation criterion. A graphic
interpretation of this criterion has been presented in §4. In the present situation,
it amounts to ﬁnding a sequence of points on the stress–strain curve, such that
the state variables corresponding to each consecutive pair of the points satisfy
the jump equations and the transformation equations, and that the area between
the sequence of the cords joining these points and the stress–strain curve is
maximum. These requirements are met by three points, the ﬁrst corresponding
to the initial zero stress state, the second to the start of the martensitic
transformation, and the third to the impact stress sp. The shock wave between
the ﬁrst and the second states is an elastic wave front, and that between the
second and the third states is a matensitic phase transformation wave front.
Let these three states be denoted by indices 0, 1 and 2. The corresponding
jump equations take the following form:
9
a01 ðe0 Ke1 Þ C v0 Kv1 Z 0; ra01 ðv0 Kv1 Þ C s0 Ks1 Z 0;
>
>
>
>
>
>
>
>
1
>
rðG0 C T0 h0 KG1 KT1 h1 Þ C ðe0 C e1 Þðs0 Ks1 ÞKH ðKs0 x0 C s1 x1 Þ Z 0; >
>
>
=
2
>
>
>
>
>
>
>
>
>
1
>
rðG1 C T1 h1 KG2 KT2 h2 Þ C ðe1 C e2 Þðs1 Ks2 ÞKH ðKs1 x1 C s2 x2 Þ Z 0; >
>
;
2
a12 ðe1 Ke2 Þ C v1 Kv2 Z 0; ra12 ðv1 Kv2 Þ C s1 Ks2 Z 0;

ð6:3Þ
where aij is the propagation velocity st of the shock between the regions of states
i and j, and Gi , ei and hi are related to si , Ti and xi through (5.1), (5.3), (5.5) and
(5.6). By the initial and boundary conditions, we have
v0 Z 0;

s0 Z 0;

T0 Z 315;

x0 Z 0;

s2 ZK700:

Since State 2 is in martensite, we also have x2Z1. Furthermore, because State 1
is at the start of the martensitic transformation, it satisﬁes (5.4a) with x1Z0:
1
KH s1 C DSs21 C rDh0 T1 KrDe0 KY Km Z 0:
ð6:4Þ
2
Here, it has been assumed that xRZ0 and fRZ0 initially.
The above algebraic equations are readily solved, yielding the numerical
values of States 2 and 3, as well as the propagation velocities of the shocks, as
follows:
s1 ZK165 MPa;

e1 ZK0:236%;

v1 Z 7:78 m sK1 ;

T1 Z 315 K;

x1 Z 0;

s2 ZK700 MPa;

e2 ZK7:27%;

v2 Z 84:1 m sK1 ;

T2 Z 375 K;

x2 Z 1;

a01 Z 3300 m sK1 ;

a12 Z 1090 m sK1 :

We plotted these states in ﬁgure 2 as dots labelled by the corresponding number.
It is found that these jump solutions lie very close to the quasi-static loading
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Figure 3. Shock waves and the regions of the piecewise constant solution during loading.

curve. It can be argued that the jump solutions and smooth solutions should
coincide if the stress–strain relation is piecewise linear.
It is illustrative to also present the solutions graphically in the space–time
plane (x–t plane). In ﬁgure 3, the two straight lines emanated from the origin
represent the two shock waves discussed above, with the regions separated by
them representing the states as labelled. The slopes of the straight lines are the
slowness (reciprocal of the velocity) of the shock waves.
This solution is almost identical to that presented by Chen & Lagoudas
(2000). In the previous work, a quadratic approximation is used for the term
T ln T/T0 in the Gibbs free energy function (5.1). Also, the previous solution
satisﬁes the maximum dissipation criterion exactly with the inclusion of a
small region where the state variables are not constant but satisfy the ﬁeld
equations (2.2), (2.3) and (2.19). This region corresponds to a portion of the
stress–strain curve near the start of martensitic transformation, followed by a
jump to the full martensite at the impact stress. This gives a slightly higher
internal dissipation than the present piecewise constant solution does. The
reason for choosing the piecewise constant solution is to simplify the numerical
analysis. The fully developed solution would be extremely complicated for
unloading process to be considered in the present work. The difference between
the present solution and the previous solution, however, is so small that it can
be safely neglected in practice.

7. Dynamic solution. Unloading
As stated in §6, when tZtZ5 ms, the stress at the impact end suffers a jump
discontinuity from spZK700 MPa to zero, and remains zero thereafter. This
discontinuity will again propagate into the rod in such a way that the jump
equations (2.7), (2.8) and (2.20) are satisﬁed, and that the internal
dissipation is maximum. For unloading, the task at hand is to ﬁnd a
sequence of points on the stress–strain curve, starting from State 2 and
ending at zero stress, such that the area between stress–strain curve and the
sequence of the cords joining these points is maximum. This requirement is
met by two points, labelled as States 3 and 4. State 3 corresponds to the
start of the reverse phase transformation, and State 4 to austenite at zero
stress. The shock wave between States 2 and 3 is an elastic unloading wave
front, and that between States 3 and 4 is a reverse phase transformation
wave front.
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The jump equations for States 2–4 are similar to (6.3). Since State 4 is in
austenite, we have x4Z0. Moreover, State 3 is at the start of the reverse
transformation with x3Z1. Hence, it must satisfy (5.4b)
!
fR K 12 rbA x2R
1
1
2
;
1 Z A KH s3 C DSs3 C rDh0 T3 KrDe0 C Y K
2
xR
rb

ð7:1Þ

where xR and fR are the values of the martensitic volume fraction and the
hardening function, respectively, when xt previously changed sign in State 2.
That is,
1
xR Z 1; fR Z rbM C m:
ð7:2Þ
2
The last expression was obtained by evaluating (5.3a) at xZ1, xRZ0 and fRZ0.
These algebraic equations yield
s3 ZK512 MPa; e3 ZK6:65%; v3 Z 70:6 m sK1 ; T3 Z 375 K; x3 Z 1;
s4 Z 0; e4 Z 0:005%; v4 ZK2:02 m sK1 ; T4 Z 320 K; x4 Z 0;
a23 Z 2160 m sK1 ; a34 Z 1090 m sK1 :
States 3 and 4 are also plotted in ﬁgure 2 as the labelled dots. It is observed
that the stress level of State 3 is slightly higher than that of the start of the
reverse transformation under quasi-static loading/unloading. In State 4, on
the other hand, the stress is zero, while the strain is a very small number. The
difference between States 0 and 4 is so small that they are indistinguishable
graphically.
The two shock waves initiated at unloading and the corresponding regions
of the piecewise constant solution, along with those occurred at loading as
previously demonstrated, are plotted in ﬁgure 4. As mentioned earlier, the
slopes of these shock lines represent the slowness (reciprocal of the velocity)
of the shock waves. The velocity of a shock wave is proportional to the
square root of the slope of the straight line connecting the two corresponding
states on the stress–strain curve (ﬁgure 2). It is observed that the elastic
loading wave has the highest velocity, followed by the elastic unloading
wave. The velocities of the phase transformation waves are substantially
lower. This reﬂects the fact that the austenite has a larger stiffness than the
martensite does. The stiffness during the phase transformation is much
smaller.
An interesting observation, which turns out to lead to great complexity of
the solution, is that the elastic unloading wave, while being initiated after
the two waves initiated at loading, has a higher velocity than that of the
forward phase transformation wave and will eventually meet it. From that
point on, the structure of the solution undergoes a drastic change, giving rise
to much more complicated distributions of the state variables.
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Figure 4. Shock waves and the regions of the piecewise constant solution during loading and initial
stage of unloading.

8. Wave encounters
The encounter of the phase transformation wave initiated at loading and the
elastic unloading wave occurs at point A with xAZ10.9 mm, tAZ10.1 ms. The
subsequent solution in a neighbourhood of this point can be viewed as the
solution for an initial value problem with tA being the initial time. As the initial
conditions, the values of state variables are given by those of State 3 on the left of
xA and by those of State 1 on the right of xA. Physically, this amount to the
collision of two pieces of the SMA rod that are initially in States 3 and 1,
respectively. The two contact surfaces are required to remain in contact after the
collision.
We again look for a piecewise constant solution that satisﬁes the jump
equations, the transformation equations and the maximum dissipation criterion.
Since the number of wave fronts and the material phase in each region of the
solution are not known a prior, a selection procedure was implemented
numerically to identify the desired solution.
The resulting solution has a structure similar to that of collision of two
thermoelastic rods. Emanating from point A are three shock waves: a
progressing wave with positive velocity, a reﬂecting wave with negative
velocity, and a standing wave with zero velocity relative to the material
point. Four regions of constant state variables are separated by these three
shock waves. Two of them are the initial states: State 1 on the right of the
progressing wave, and State 3 on the left of the reﬂecting wave. On the other
sides of the progressing and reﬂecting waves are two new regions, labelled as
State 5 and State 6, respectively. These two states, separated by the
standing wave, have the same stress and the same velocity, as required by
equations (2.7) and (2.8), but different temperatures, martensitic volume
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Figure 5. Shock waves and various regions of the piecewise constant solution.

fractions and strains. The numerical values of these two states are as follows:
s5 ZK559 MPa; e5 ZK6:03%; v5 Z 67:2 m sK1 ; T5 Z 366 K; x5 Z 0:871;
s6 ZK559 MPa; e6 ZK6:80%; v6 Z 67:2 m sK1 ; T6 Z 375 K; x6 Z 1;
a15 Z 1030 m sK1 ; a56 Z 0; a36 ZK2160 m sK1 :
These solutions are plotted in ﬁgures 2 and 5. It is observed that a material
point on the right of point A undergoes a partial martensitic transformation
as the progressing wave passes. On the other hand, a material on the left of
point A is loaded elastically as the reﬂecting wave passes. A remark here is
that it is not peculiar that the both points attain a higher stress level as the
result of the collision. Indeed, since the velocity of State 3 is much larger
than that of State 1, a strong compressive impact is created at collision,
resulting in the both pieces being further compressively loaded.
The next wave encounter occurs at point B with xBZ7.34 mm, tBZ11.7 ms
when the reﬂecting wave meets the reverse transformation wave initiated at
unloading. This amounts to State 6, with high energy in martensite,
colliding with State 4 which is stress free in austenite. The solution was
found by the same method discussed above. It is found that this wave
Proc. R. Soc. A (2005)

Downloaded from http://rspa.royalsocietypublishing.org/ on January 17, 2018

3888

Y.-C. Chen and D. C. Lagoudas

encounter results in four shock waves: two progressing waves, one reﬂecting
wave and one standing wave. The presence of two progressing waves is to
satisfy the maximum dissipation criterion. A material point in the region of
State 6 is ﬁrst unloaded elastically, as the ﬁrst progressing wave passes, to
State 7 corresponding to the start of reverse phase transformation, and is
further unloaded, at the passing of the second progressing wave, to State 8
which is near the ﬁnish of reverse phase transformation. A material point in
the region of State 4, on the other hand, is elastically loaded to State 9 as
the reﬂecting wave passes. Again, States 8 and 9 have the same stress and
velocity, but different temperatures, martensitic volume fractions, and
strains. States 7–9 are again plotted in ﬁgures 2 and 5, with numerical
values as shown below:
s7 ZK512 MPa; e7 ZK6:65%; v7 Z 63:8 m sK1 ; T7 Z 375 K; x7 Z 1;
s8 ZK46:5 MPa; e8 ZK0:226%; v8 ZK4:21 m sK1 ; T8 Z 321 K; x8 Z 0:0325;
s9 ZK46:5 MPa; e9 ZK0:062%; v9 ZK4:21 m sK1 ; T9 Z 320 K; x9 Z 0;
a67 Z 2160 m sK1 ; a78 Z 1060 m sK1 ; a89 Z 0; a49 ZK3300 m sK1 :
Another interesting feature is revealed by the solution at the next encounter
at point C with x CZ10.9 mm, t CZ13.4 ms (see ﬁgure 5). A material point in
the region of State 7 undergoes a slightest partial reverse phase
transformation to State 11, of which the values of the state variables are
almost same as those of State 7. At the same time, a material point in the
region of State 5 is elastically unloaded to State 10. Since State 5 is in a
partial martensite, the elastic unloading takes place within the loop of
the stress–strain diagram of complete phase transformations, as shown in
ﬁgure 2.
The subsequent solution can be found in a similar manner. As time progresses,
more wave encounters occur, resulting in more shock waves, more regions of
constant state variables, and consequently even more wave encounters. The
frequency and density of the wave encounters increase rapidly.
The stress, strain and temperature proﬁles at a few time instants tZ5,
10 and 15 ms are plotted in ﬁgures 6–8. There are clear correspondences
between these ﬁgures and the shock wave diagram ﬁgure 5, as well as the
stress–strain curve ﬁgure 2. Indeed, the locations of the jumps appearing in
ﬁgures 6–8 can be observed in ﬁgure 5 as the intersections of the horizontal
line of the particular time instant and the shock waves. It is noted that
ﬁgures 6–8 have different length scales from that of ﬁgure 5, in order to
display the entirety of the ﬁrst elastic wave at tZ15 ms. The amount of
stress jumps and strain jumps in ﬁgures 6 and 7 can also be observed in
ﬁgure 2 as the differences of the two labelled states on the two sides of the
shock.
Figures 6–8 show that a section with large stress, large strain and high
temperature is initiated upon impact and propagates into the rod with decreasing
magnitude as time progresses. Such a decrease is the result of the wave
encounters described above. It is also observed that there is a temperature
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Figure 6. Stress proﬁles at various times.

difference as large as 60 K, along with large stress and strain differences, between
the austenitic and martensitic phases.
Although an analytical solution for large values of t is not available, the
following asymptotic behaviour of the solution is suggested by numerical
simulations. Because of the zero stress on the end of the rod after impact, the
stresses in the regions developed from regions 8–14 in ﬁgure 5 through sequential
wave encounters all tend to zero as t approaches inﬁnity. On the other hand,
region 1, having the highest possible propagation speed, remains intact and will
propagate indeﬁnitely into the rod. Its right boundary, the elastic loading wave
front, will propagate at the elastic acoustic speed a01Z3300 m sK1 as shown in
ﬁgure 5. Its left boundary, evolved from sequential wave encounters, will
eventually approach the same propagation speed. Hence, after a certain amount
of time, an elastically deformed band of an estimated length of 0.1 m emerges and
propagates, at speed a01, in the rod. The main body of the elastic band, which is
fairly well deﬁned after tZ50 ms, is in region 1 with stress sZK165 MPa. The
stress is zero ahead of the elastic band and is essentially zero behind the band.
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A detailed analysis of this asymptotic behaviour of the solution will be presented
elsewhere.
Mechanical energy may dissipate at a shock wave, either in the form of
thermal dissipation or phase transformation dissipation. Detailed discussions of
the various mechanisms of energy dissipation can be found in Pence (1992). For
the present problem, the total energy dissipation can be calculated from the
difference between input impact energy and the remaining elastic energy in the
elastic band. It has been found that more than 90% of the impact energy is
dissipated when the elastic band mentioned above is formed at tZ50 ms. This
indicates possible applications of the SMAs as materials for energy absorption
devices under impact loads.
As a concluding remark, it is noted that the relatively high initial temperature
(T0Z315 K) has been chosen in this work to have the martensitic transformation
and complete reverse transformation in the initial loading/unloading stage. For
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Figure 8. Temperature proﬁles at various times.

a lower initial temperature, the material may have only partial reverse
transformation upon loading, or may initially be in twinned martensite and
undergo detwinning at loading. In these cases, the dynamic solution under
impact loads will be different from that discussed in this work, but may still be of
interest. The present case, with the largest hysteresis loop, offers the highest
degree of energy dissipation under impact loads.
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