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Departamento de Matemática Aplicada, Universidad de Santiago de Compostela,
15707 Santiago de Compostela, Spain (maelenav@usc.es)
2
Laboratory of Applied Mathematics, Faculty of Engineering, University of Trento,
38050 Mesiano di Povo, Trento, Italy (toro@ing.unitn.it)
Received 15 November 2001; accepted 19 March 2002; published online 20 November 2002

In this paper we present a methodology for constructing exact solutions to hyperbolic
systems with source or forcing terms. We illustrate the approach as applied to some
inhomogeneous systems arising in environmental problems, namely the inhomogeneous linearized shallow-water equations. We solve exactly a generalized Riemann
problem that models dam-break problems in channels with variable bottom elevation
and variable width. The exact solutions obtained are very valuable in the process of
assessing the performance of numerical methods intended for solving more-complex
problems; they can also be useful in providing new ideas to be used in the design of
numerical methods for more-general inhomogeneous systems.
Keywords: hyperbolic equations; source terms; exact solutions; Riemann problem;
shock-capturing methods; Godunov methods

1. Introduction
In the last few decades important contributions to the design, analysis and application of numerical methods for solving hyperbolic systems of conservation laws have
been made. Godunov-type methods (Godunov 1959) in particular, have, over the
years, been shown to be very satisfactory for solving such problems, particularly the
higher-order versions developed in the last two to three decades (see the textbooks on
the subject by LeVeque (1992), Godlewski & Raviart (1996) and Toro (1999, 2001)).
The analysis of properties of these methods for inhomogeneous systems, such as stability, monotonicity and conservation, is diﬃcult; as a result, most researchers assess
their methods via comparisons with known exact solutions. Traditional test examples
are shock-tube problems in gas dynamics and dam-break problems in free-surface
shallow-water ﬂows. Conventionally, these tests relate to homogeneous hyperbolic
systems, that is, no source terms are present. When source terms are included, the
situation is far from clear and work in this area is relatively recent. These works have
made clear the importance, for example, of solving the steady case conservatively,
using appropriate techniques for dealing with source terms.
In order to study the design and performance of numerical methods applicable
to the time-dependent and inhomogeneous cases, we have carried out the study of
model inhomogeneous hyperbolic systems in which the source terms depend explicitly on space and time and in which the evolutionary character of the solution is
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determined not just by the advection terms, but also by the source terms. In a previous work (Toro & Vázquez-Cendón 2001), we formulated source terms in which the
time dependency is explicit in such a way that they produced a marked increase or
decrease of the norm of the solution with time; we also analysed the behaviour of
schemes developed by the authors of this paper for that kind of problem. There are
many situations of practical interest in which the source terms are of a geometric
nature and these are found to be particularly challenging for numerical methods. This
is the reason why, in this paper, we centre our attention on equations with source
terms that depend on the spatial variable and that allow us to ﬁnd and interpret
the solution of initial-value problems (IVPs) for a family of hyperbolic conservation
laws with source terms. In addition, we analyse the exact solutions for the linearized
shallow-water equations with source terms and, more speciﬁcally, we study dambreak problems with variable bed elevation and channel width. In order to assess
our solutions, we also apply a diﬀerent method, proposed by Watson et al. (1992).
Their method is applicable to the nonlinear shallow-water equations with a single
source term due to a linearly varying bed elevation. In this case the equations may
be transformed to a homogeneous system; we use this transformation in the linear
case to verify an alternative method based on characteristic theory to solve the corresponding generalized Riemann problem. We also compare our exact solutions with
numerical solutions; details about the numerical methods are omitted here.
Section 2 of this paper introduces general inhomogeneous scalar and non-scalar
hyperbolic problems and a method of solution. In § 3 we apply the solution methodology to the shallow-water equations and solve a generalized Riemann problem using
two analytical methods and one numerical method. Conclusions are given in § 4.

2. Hyperbolic system with source terms
This section is devoted to the presentation of model linear hyperbolic systems whose
source terms are such that the form of the sought exact solution is predetermined.
Speciﬁcally, we seek solutions that allow the translation of the initial conditions of
an associated homogenous IVP, and whose solutions contain information related to
a function that depends only on distance. In § 3 we show that a generalized Riemann
problem associated with our model system corresponds to the linearized shallowwater equations with variable bed elevation and width variation.
To begin with, we pose the general IVP for a scalar inhomogeneous equation,
namely a partial diﬀerential equation (PDE) and an initial condition (IC),
PDE: ∂t q(x, t) + λ∂x q(x, t) = s(x),
IC:

q(x, 0) = q̃

(0)

(x) + r(x),

(2.1)
(2.2)

where the wave-propagation speed λ is constant, q̃ (0) is the initial condition of the
corresponding homogeneous IVP, s ≡ 0, and the function r is associated with the
source term when seeking a solution of the form
q(x, t) = q̃ (0) (x − λt) + r(x).

(2.3)

Substituting (2.3) in (2.1) gives
∂t q(x, t) + λ∂x q(x, t) = −λ(q̃ (0) ) (x − λt) + λ((q̃ (0) ) (x − λt) + r (x)) = λr (x). (2.4)
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Hence, the sought function s is
s(x) = λr (x).

(2.5)

Next we extend these ideas to hyperbolic systems with source terms of the form
PDEs: ∂t W (x, t) + Ā∂x W (x, t) = S(x),
 (0)  

w̃1 (x)
r1 (x)
(0)
+
ICs: W (x, 0) = W̃ (x) + R(x) =
,
(0)
r2 (x)
w̃2 (x)

(2.6)
(2.7)

where W is the vector of unknowns, S is the vector of source terms and Ā is a
diagonalizable matrix whose eigenvalues λ1 and λ2 deﬁne the diagonal matrix Λ, and
the corresponding eigenvectors V1 and V2 are the columns of the base-transformation
matrix X. The source terms are of the form


λ1 r1 (x)
S(x) = X
.
(2.8)
λ2 r2 (x)
The characteristic variables deﬁned by the vector Q satisfy the IVP
PDEs: ∂t Q(x, t) + Λ∂x Q(x, t) = X −1 S(x),

(2.9)

Q(x, 0) = Q̃(0) (x) + R(x).

(2.10)

ICs:

Here, Q̃ (x) is the initial condition of the corresponding IVP for S ≡ 0. Then, in
view of (2.3), each of the characteristic variables is
(0)

(0)

qi (x, t) = q̃i (x − λi t) + ri (x)

⇒

(0)

q̃i (x − λi t) = qi (x, t) − ri (x),

(2.11)

and the initial conditions satisfy
(0)

(0)

q̃i (x) = qi (x, 0) − ri (x) = qi (x) − ri (x).

(2.12)

Finally, sought solutions are of the form
W (x, t) = XQ(x, t)

 (0)
q̃1 (x − λ1 t) + r1 (x)
=X
(0)
q̃2 (x − λ2 t) + r2 (x)

 (0)
q1 (x − λ1 t) − r1 (x − λ1 t) + r2 (x)
.
=X
(0)
q2 (x − λ2 t) − r1 (x − λ2 t) + r2 (x)

(2.13)

The initial conditions of the characteristic variables can be expressed in terms of the
initial conditions of the conserved variables using the base-transformation matrix,
namely, W (0) (x) = XQ(0) (x). Therefore, the solution of the system is determined by
the initial conditions of the problem, naturally, and by functions r1 and r2 , which
are arbitrary.

3. Application to the shallow-water equations
An interesting example of a hyperbolic system, and one that is also a motivation for
the present work, is furnished by the linearized shallow-water equations in channels in
Proc. R. Soc. Lond. A (2002)
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which the source terms govern the variable bed elevation and the variable width. The
unknowns w1 and w2 are the water depth h and the particle velocity u, respectively.
The expressions for the matrix Ā and for the source terms are given by


B  (x)


−
h̄ū


ū h̄
B(x)
,
(3.1)
Ā =
,
S(x) = 



g ū
B
(x)
2

2ū
− gb (x)
B(x)
where h̄ and ū denote averages for water depth and velocity, as distinct from h and
u. The function deﬁning the bed elevation is denoted by b(x) and B(x) represents
the width of the channel at each position x. The eigenvalues and eigenvectors of Ā
are


h̄ h̄
λ1 = ū − c,
λ2 = ū + c,
c = g h̄,
X=
.
(3.2)
−c c
Simple calculations give the functions r1 and r2 that satisfy (2.8) for the source terms
of this model, namely,


B(x)
1
r1 (x) =
+ g(b(x) − b(xI )) ,
−ū(2ū + c) log
(3.3)
2cλ1
B(xI )


B(x)
1
+ g(b(x) − b(xI )) .
+ū(2ū − c) log
(3.4)
r2 (x) =
2cλ2
B(xI )
Here, the point xI is the lower integration limit. The solutions for the characteristic
variables of the corresponding homogeneous problem are
h(0) (x) u(0)
−
(x) − r1 (x),
c
h̄
(0)
u(0)
1 h (x)
+
q̃2 (x) =
(x) − r2 (x).
2
c
h̄
q̃1 (x) =

1
2

(3.5)
(3.6)

Therefore, the solution of the shallow-water equations with variable bed elevation
and channel width is given by
(0)

(0)

h(x, t) = h̄[q̃1 (x − λ1 t) + q̃2 (x − λ2 t)] + h̄[r1 (x) + r2 (x)]
= 12 [h(0) (x − λ1 t) + h(0) (x − λ2 t)]
h̄
[−u(0) (x − λ1 t) + u(0) (x − λ2 t)]
2c
− h̄[r1 (x − λ1 t) + r2 (x − λ2 t) + r1 (x) + r2 (x)],
u(x, t) = c[−q̃1 (x − λ1 t) + q̃2 (x − λ2 t)] + c[−r1 (x) + r2 (x)]
c
[−h(0) (x − λ1 t) + h(0) (x − λ2 t)]
=
2h̄
h̄
+ [u(0) (x − λ1 t) + u(0) (x − λ1 t)]
2c
+ c[−r1 (x − λ1 t) + r2 (x − λ2 t) − r1 (x) + r2 (x)].
+

(3.7)

(3.8)

A simpler version of this problem was introduced in Toro (2001, § 4.6), but we note
that the solution given there contains an error.
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(a) A generalized Riemann problem
Here we consider a generalized Riemann problem for the linearized shallow-water
equations, generalized in the sense that (i) the equations include source terms and
(ii) the initial conditions have a linear distribution. We note that in the conventional
Riemann problem the initial data are piece-wise constant. We assume that bed elevation is a linear function of distance and thus b (x) = −α : const.; the function B(x)
is assumed to be constant. We make these assumptions in order to compare our solution with that obtained from applying the alternative solution method proposed by
Watson et al. (1992). Thus the initial conditions are

hl if x < 0,
(0)
(0)
(0)
(3.9)
h̃ (x) =
h (x) = h̃ (x) − b(x),
hr if x  0,
u(0) (x) = 0,

ũ(0) (x) = 0.

(3.10)

In this case, the expressions for the functions r1 and r2 are
r1 (x) = −

1
gαx,
2cλ1

r2 (x) =

1
gαx.
2cλ2

Therefore, the solutions are of the form


if x/t < λ1 ,
hl + αx − αtū
h(x, t) = 12 (hl + hr ) + αx − αtū if λ1 < x/t < λ2 ,

h + αx − αtū
if x/t > λ2 ,
r


if x/t < λ1 ,
0
u(x, t) = −(c/2h̄)(hr − hl ) if λ1 < x/t < λ2 ,

0
if x/t > λ2 .

(3.11)

(3.12)

(3.13)

We can also write these solutions in terms of the solution W̃ = (h̃(x, t), ũ(x, t))T of
the associated homogeneous Riemann problem,
h(x, t) = h̃(x, t) − b(x) − αtū,
u(x, t) = ũ(x, t).

(3.14)
(3.15)

From these relations one can conclude that, in the case in which ū is zero, the water
depth of the homogeneous problem h̃ coincides with the value for the free-surface
position h + b everywhere.
In what follows we illustrate the way to obtain the solution by the method of
Watson et al. (1992). The change of variables allows the transformation of the nonlinear shallow-water equations with a source term due to a bed elevation given by a
linear distribution (b (x) = −α) into a homogeneous system. The transformation is
as follows:
χ = x − 12 gαt2 ,

τ = t.

(3.16)

The original variables h and u expressed in terms of the new spatial and temporal
variables are given by
ĥ(χ, τ ) = h(x, t),
Proc. R. Soc. Lond. A (2002)
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Therefore, the entries of the matrix Ā in terms of the new variables are
ˆ = h̄,
h̄

ˆ(τ ) = ū − αgt
ū

⇒

ˆ(τ ) + αgt.
ū = ū

(3.18)

∂x h(x, t) = ∂χ ĥ(χ, τ ),
∂x u(x, t) = ∂χ û(χ, τ ),

(3.19)
(3.20)

In view of the following relations being satisﬁed,
∂t h(x, t) = ∂τ ĥ(χ, τ ) − αgt∂χ ĥ(χ, τ ),
∂t u(x, t) = ∂τ û(χ, τ ) − αgt∂χ û(χ, τ ) + gα,

one arrives at the following IVP for the new variables,
PDEs: ∂τ Ŵ (χ, τ ) + Āˆ(τ )∂χ Ŵ (χ, τ ) = 0,
ICs:

W̃ (χ, 0) = W

where


Ŵ (x, t) =


ĥ(χ, τ )
,
û(χ, τ )

(0)

(3.21)

(x),

Āˆ(τ ) =

(3.22)



ˆ
ˆ h̄
ū
.
ˆ
g ū

(3.23)

The initial conditions are deﬁned by (3.9) and (3.10). The eigenvalues of the matrix
Āˆ(τ ) depend on time and can be expressed in terms of the matrix Ā,
ˆ − c = λ1 − gαt,
λ̂1 = ū

ˆ + c = λ2 − gαt.
λ̂2 = ū

(3.24)

The solution of the IVP (3.21), (3.22) can be obtained from standard theory of linear
hyperbolic systems, noting that the characteristics curves are not straight lines in
this case,
dχ
(τ ) = λk − gατ,
dτ
χ(0) = χ0 ,
χ(τ ) − χ0 = λk τ −

(3.25)
(3.26)

2
1
2 gατ

→ χ(0) = χ(τ ) − λk τ −

2
1
2 gατ ,

k = 1, 2.

(3.27)

Therefore, the characteristic variables are
q̂k (χ, τ ) = q̂ (0) (χ0 ) = q̂ (0) (χ − λk τ + 12 gατ 2 ) = q̂ (0) (x − λk t),

k = 1, 2.

(3.28)

If we assume that the initial velocity is identically zero, the initial conditions of the
characteristic variables in terms of the initial conditions (3.22) are given by
q̂1 (χ, τ ) = q̂2 (χ, τ )
1
=
ĥ(χ, 0)
2h̄
1 (0)
ĥ (x)
=
2h̄
1 (0)
(h̃ (x) − b(x))
=
2h̄
1 (0)
(h̃ (x) + αx).
=
2h̄
Proc. R. Soc. Lond. A (2002)
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Figure 1. Computed (symbols) and exact (line) free-surface elevation h(x, t) + b(x) at
time t = 2.5. The channel bottom elevation b(x) is also displayed.

Then the solution of the IVP (3.21), (3.22) is
ĥ(χ, τ ) = 12 {h̃(0) (χ − λ1 τ + 12 gατ 2 ) + h̃(0) (χ − λ2 τ + 12 gατ 2 )}
+ αχ − ατ ū + 12 gα2 τ 2 ,

c
û(χ, τ ) = − {h̃(0) (χ − λ1 τ + 12 gατ 2 ) − h̃(0) (χ − λ2 τ + 21 gατ 2 )} − gατ.
2h̄

(3.30)
(3.31)

Transforming to the original variables, we obtain
h(x, t) = 12 {h̃(0) (x − λ1 t) + h̃(0) (x − λ2 t)} + αx − αtū,
u(x, t) = û(χ, τ ) + gαt
c
= − {h̃(0) (χ − λ1 t) − h̃(0) (x − λ2 t)},
2h̄

(3.32)
(3.33)

which coincides with the solution obtained by our method.
Some remarks regarding the comparison of the two methods for solving the generalized Riemann problem are in order. First we note that, in the method of Watson et
al. (1992), the advection part of the equations may be nonlinear, but the geometry of
the channel is restricted to the simple case in which the bed elevation varies linearly
and the channel width is constant. On the other hand, the method proposed in this
paper allows more general channel geometries, but the advection part of the equation must be linear. In addition, our method provides solutions for problems with
source terms that allow the assessment of various discretization schemes to deal with
conservation laws with source terms, especially geometric source terms. This area is
the subject of current investigations by the authors.
(b) Numerical solutions
As a way of illustrating one of the uses of our exact solutions, we consider a test
problem and compare the exact solution with the numerical solution obtained from
the method proposed in Vázquez-Cendón (1999). The test is a dam-break problem
Proc. R. Soc. Lond. A (2002)
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Figure 2. Computed (symbols) and exact (line) particle velocity u(x, t) at time t = 2.5.

in a channel 100 m in length and initial conditions

hL = 8 m if x  50,
h(x, 0) =
hR = 3 m if x > 50,

(3.34)

with u(x, 0) = uL = uR = 0 ∀x. As parameters of the problem we take h̄ = 5,
ū = 0, α = 0.1. In the computations, we take 100 cells and a Courant–Friedrichs–
Levy (CFL) number of unity. Results are displayed at time t = 2.5 in ﬁgures 1 and 2,
where symbols show the numerical solution and the full line shows the exact solution.
Figure 1 shows results for the free-surface position; the channel bed proﬁle is also
shown. Figure 2 shows results for the particle velocity. By comparison with the exact
solution, it is seen that the numerical solution is very accurate for this test problem.

4. Conclusions
Exact solutions to model hyperbolic systems with source terms have been presented.
The source terms are assumed to depend explicitly on the spatial variable and serve
as analogues for geometric source terms, which are renowned for causing diﬃculties to
numerical methods. The methodology for deriving exact solutions has been applied
to the linearized shallow-water equations with source terms due to bed elevation
and width variation. In particular, a generalized Riemann problem for the linearized
shallow-water equations with a source term due to bed elevation has been solved,
and the solution has been compared with that obtained by an alternative method
proposed by Watson et al. (1992). Finally, as a way of illustrating one of the potential
uses of the exact solutions presented here, we solve a test problem numerically and
compare exact and numerical solutions. Current investigations in which the ﬁndings
of this paper are useful include the design of new numerical methods for solving
nonlinear systems of hyperbolic conservation laws with source terms.
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