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In this paper, we consider the two-dimensional linear problem of wave–body interaction
with surface tension effects being taken into account. We suggest a criterion for unique
solvability of the problem based on symmetrization of boundary integral equations.
The criterion allows us to develop an algorithm for detecting non-uniqueness (ﬁnding
trapped modes) for given geometries of bodies; examples of numerical computation of
trapped modes are given. We also prove a uniqueness theorem that provides simple
bounds for the possible non-uniqueness parameters.
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1. Introduction
In this paper, we consider the two-dimensional linear problem that describes
interaction between an ideal unbounded ﬂuid and bodies located under the free
surface of the ﬂuid. In particular, it can be the radiation of waves by forced
motion of rigid bodies or diffraction of waves by ﬁxed bodies. The problem
appears within the framework of the surface wave theory under the assumptions
that the motion of ﬂuid is harmonic in time, irrotational and the oscillations have
small amplitudes.
Our main interest here will be the question of uniqueness. It is notable that
this question (despite its long history and importance) is not fully answered even
in the case when the surface tension is not taken into account; reviews of the
existing results can be found in the book by Kuznetsov et al. (2002) and in the
paper by Linton & McIver (2007). Renewed interest in uniqueness in recent years
has been stimulated by ﬁnding examples of non-uniqueness (trapped modes) by
McIver (1996), and later by many other authors who used the so-called inverse
scheme suggested in McIver (1996). (The existence of the examples shows that
a general uniqueness theorem is unobtainable.) Furthermore, in recent years,
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a number of new theorems for uniqueness have been proved; among them, we
mention the approaches of Motygin & McIver (2003) and of Motygin (2006),
which will be used and developed in the present paper.
As far as we are aware, in the case when surface tension effects are taken into
account, uniqueness theorems are not known at the moment. First examples of
trapped modes for the problem in question have been obtained quite recently by
Harter et al. (2007, 2008) by using the inverse procedure (McIver 1996, 2000).
These examples of non-uniqueness were obtained for surface-piercing bodies
(which also needed some attention to the statement itself, because in this case
some additional conditions, describing motion of the ﬂuid at the contact points,
should be added) and for totally submerged bodies that, however, are very close
to the free surface. To the present authors’ knowledge, direct methods for ﬁnding
trapped modes for given bodies have not been described previously in the
problem under consideration. In the case when surface tension is neglected,
a direct method was developed in Porter (2002; although the paper lacks a
proof that the used conditions for trapping are sufﬁcient).
In this paper, we shall obtain a number of results concerning unique solvability
and non-uniqueness for the problem of gravity–capillary water waves above
submerged bodies. We shall derive a new criterion for uniqueness based on the
symmetrization of integral equations, which was suggested in Motygin (2006).
The criterion will allow us to develop an algorithm for ﬁnding trapped modes for
given geometries. Some numerical examples showing the effectiveness of the
algorithm will be given and discussed. The criterion and the algorithm are also
applicable and new for the water wave problem with surface tension neglected;
in this case, our computations agree with the results of Porter (2002).
The numerical investigation also reveals inﬂuence of the surface tension
effect—the numerically found trapped modes disappear when surface tension
increases. By using the scheme of Motygin & McIver (2003), we shall also prove a
new uniqueness theorem that is formulated in the form of simple bounds for
parameters corresponding to possible trapped modes. Examples of numerical
application of the bounds for some geometries will be given.
The outline of the paper is as follows: in §2 we introduce notations and
formulate the mathematical problem; in this section we also present the Green
function. In §3 we derive Green’s representation for a solution to the problem.
Section 4 is devoted to boundary integral equations of the potential theory,
which are equivalent to the boundary-value problem. By using the integral
equations in §5, we derive a new uniqueness criterion. Results of numerical
investigation based on the criterion are presented and discussed in §6. A theorem
for uniqueness, which gives bounds for the parameters of the problem that
correspond to possible trapped modes, is proved in §7.
2. Statement of the problem
We shall denote by W, B and F the domain occupied by the ﬂuid, the interior of
the bodies and the free surface of the ﬂuid, respectively. A Cartesian coordinate
system (x, y) will be used in which x is a horizontal coordinate and y is directed
vertically upwards (ﬁgure 1). Under the imposed assumptions, the motion of the
ﬂuid is described by a velocity potential Re{u(x, y)eKiut }, where u is the angular
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Figure 1. Notations.

frequency; nZu2/g is the wavenumber for free surface waves in the absence
of surface tension; and g is the acceleration due to gravity. The potential u
satisﬁes the following boundary-value problem (see Billingham & King 2000;
Harter et al. 2007):
V2 u Z 0

2

in W Z RK
n B;

vy uKnuKbv2x vy u Z 0;
vn u Z f ;

2
RK
Z fy! 0g;

on F Z fy Z 0g;

on S Z vB;

v j x j uK ik 0 u Z oð1Þ;

as j x j /N;

sup j Vu j !N:

ð2:1Þ
ð2:2Þ
ð2:3Þ
ð2:4Þ
ð2:5Þ

W

Equation (2.2) is the linearized free surface condition including surface tension T
through the parameter bZT/(rg), where r is the ﬂuid density. The function f in
(2.3) is deﬁned by the type of the oscillations (but its particular form is not
important for our consideration). We shall suppose that f2C(S ) and S belongs
to the Hölder space C 1,a, 0!a!1 (e.g. Gilbarg & Trudinger 1983, §4.1).
Furthermore, k 0 in the radiation condition (2.4) is the (unique) real positive root
of the dispersion relationship
bk 30 C k 0 Kn Z 0:
It will be convenient to use the dimensionless parameter sZ Tk 20 =ðrgÞ that
measures the relative importance of surface tension and gravity. Then, from the
dispersion relationship, we have k 0Zn/(1Cs) and bZs(1Cs)2nK2.
Furthermore, we shall use Green’s function G(x, y, x, h) for the problem
satisfying as a function of the ﬁrst two arguments the conditions (2.2), (2.4) and
2
(2.5) (where the supremum is taken over RK
with a vicinity of the point (x, h)
excluded) and the condition
V2x; y Gðx; y; x; hÞ ZKdðx KxÞdðyKhÞ;
where y, h!0 and d is Dirac’s delta function.
Proc. R. Soc. A
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Using the expressions given in Harter et al. (2007), we write
X
1
r
1
g ðz; zÞ
Gðz; zÞ ZK log K C
2p
rC pð3s C 1Þ G G


1 Cs
k 0 ðyChÞ
g ðz; zÞ C ip e
cos k 0 ðx KxÞ :
C
pð3s C 1Þ 0
qﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
Here, rGZ ðx KxÞ2 C ðyGhÞ2 , zZxCiy, zZxCih,

6

ð2:7Þ

N mðyChÞ

g0 ðz; zÞ Z

e

0

cos mðx KxÞ
dm;
mK k 0

where the integral is understood in the sense of a Cauchy principal value,
( ð
)

N KimðzKzÞ
e
gGðz; zÞ Z Re AG
dm
0 mK aG
and
aG Z k 0

!
rﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
3 1 1
;
Gi
C K
4 s 2

i
AG Z sG rﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ :
3 1
2
C
4 s

By using the exponential integrals Ei and E1 (see Abramowitz & Stegun 1965,
§5.1), we can also write
n
o

 ;
g 0 ðz; zÞ ZKRe e Kik 0 ðzKzÞ Eiðik 0 ðz K zÞÞ
ð2:8Þ
n
o

 :
gGðz; zÞ Z Re AGe KiaGðzKzÞ E1 ðKiaGðz K zÞÞ

ð2:9Þ

3. Green’s identity
In this section, we shall derive Green’s representation for a solution to (2.1)–(2.5).
First, we need to ﬁnd the general solution to the problem in the empty half-space
2
RK
. This solution u satisﬁes the following set of conditions:
V2 u Z 0;

2
in RK
;

vy uKnuKbv2x vy u Z 0;

ð3:1Þ
on F;

sup j Vu j !N:
2
RK

Applying the Fourier transform in x, deﬁned by
ð
1
uðxÞe Kikx dx;
u~ Z F u Z
2p R
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Figure 2. Auxiliary notations.

to (3.1) and (3.2), we arrive at
v2y u~ Kk 2 u~ Z 0;

when y! 0;

ð3:4Þ

vy u~Kn~
u C bk 2 vy u~ Z 0;

when y Z 0:

ð3:5Þ

The general form of a solution to (3.4) with an account of (3.3) is u~Z cðkÞe j k j y .
Substituting this solution into (3.5), we ﬁnd
cðkÞe j k j y ð j k j Kn C j k j 3 bÞ Z 0:
The expression in brackets has a simple zero at jkjZk 0, which means that
cðkÞ Z cCdðk K k 0 Þ C cKdðk C k 0 Þ;
where cC and cK are the arbitrary coefﬁcients.
Finally, applying the inverse Fourier transform to u~ Z cðkÞe j k j y and taking
into account that F K1 ½dðk KaÞZ eiax , we arrive at the following general form of
solution to the equations (3.1)–(3.3):
u Z cC ek 0 y eik 0 x C cKek 0 y e Kik 0 x :

ð3:6Þ

It is notable that the solution (3.6) satisﬁes (2.5) only if cCZcKZ0.
We can now derive Green’s representation for a solution u to the problem
(2.1)–(2.5). We introduce a new potential
u 0 ðx; yÞ Z ½1K cxK;xC ðxÞcyK ;y C ðyÞuðx; yÞ;
where cp,q ( p, q2R) is an inﬁnitely smooth cut-off function
(
1; for pK3% t% q C 3;
cp;q ðtÞ Z
0; for t% pK23 and tR q C 23;
and yGZGmax{Gy}, xGZGmax{Gx}, where the maxima are taken over all
(x, y)2S. Furthermore, we choose 0!3!jyCj/2.
The function u 0 coincides with u in W Z W n B , where (ﬁgure 2)
B Z fðx; yÞ :Gx !GxG C 23;Gy!GyG C 23g IB:
2
The complex-valued function u 0 is deﬁned for all ðx; yÞ 2 RK
, belongs to
N
2
C ðRKÞ and
 2
KV2 u 0 Z s; supp s 3B ; s 2 CN RK
:
ð3:7Þ
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Deﬁne now
u 1 ðx; yÞ Z

ð
sðx; yÞGðx; y; x; hÞdx dh:
B

By deﬁnition of Green’s function, the potential u 1 satisﬁes (2.2), (2.4), (2.5) and
(3.7). The difference u 0Ku 1 satisﬁes (3.1) and, thus, by the above results on the
2
general form of solution in an empty half-plane u 0Zu 1 in RK
.
Applying Green’s formula over B when (x, y)2W, we ﬁnd from (3.7)
ð


u 0 ðzÞV2z Gðz; zÞKGðz; zÞV2 u 0 ðzÞ dx dh
u 0 ðzÞ Z
ðB
Z
½u 0 ðzÞvnðzÞ Gðz; zÞKvn u 0 ðzÞGðz; zÞdsz ;
vB

where the normal on vB is deﬁned to be outward with respect to B and we
also used the fact that V2z Gðz; zÞZ 0 when z2W , z2B  due to (2.6) and
G(z, z)ZG(z, z).
Applying Green’s identity over B\B for z2W, we ﬁnd
ð


0Z
Gðz; zÞV2 uðzÞKuðzÞV2z Gðz; zÞ dx dh
Bð nB ð
K
Z
½vn uðzÞGðz; zÞKuðzÞvnðzÞ Gðz; zÞdsz :
S

vB

Combining the last two formulae, we have
ð
uðzÞ Z ½uðzÞvnðzÞ Gðz; zÞKvn uðzÞGðz; zÞdsz ;

ð3:8Þ

S

for z2W. However, the right-hand side deﬁnes an analytic function in W, and,
since it coincides with the analytic function u in W, the latter representation is
valid for any z2W. It is also notable that, in view of the deﬁnition of Green’s
function, the expression in the right-hand side of (3.8) deﬁnes an analytic

function in the wider than W domain fy!KyCgnB.

4. Integral equations of potential theory
Following the usual scheme of potential theory (e.g. Kuznetsov et al. 2002, §2.1),
we shall seek solutions to the problem (2.1)–(2.5) in the form of a singlelayer potential
uðzÞ Z ðV mÞðzÞ; z 2 W ;
ð4:1Þ
where
ð
ðV mÞðzÞ Z

S

mðzÞGðz; zÞdsz ;

ð4:2Þ

and m is some unknown density belonging to C(S ). Properties of the single-layer
potential are described in detail in Kuznetsov et al. (2002, §2.1.1.1), the
arguments are valid in the present case in view of (2.7), where Green’s function is
written as a sum of K(2p)K1 log rK and some function that is smooth in
2
z; z 2 RK
.
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The potential (4.1) satisﬁes conditions (2.1), (2.2), (2.4) and (2.5) and, by the
jump relationship for the normal derivative of a single-layer potential, the
condition (2.3) leads us to the boundary integral equation
KmðzÞ C ðTmÞðzÞ Z 2f ðzÞ;
where

z 2 S;

ð4:3Þ

ð

ðTmÞðzÞ Z 2 mðzÞvnðzÞ Gðz; zÞdsz :
S

1,a

Under the assumption S2C
the operator is compact in L2(S ), which is the
Hilbert space of square integrable functions with the scalar product
ð
 ds:
hv; wi Z v w
S

In addition, the integral equation (4.3) is of Fredholm’s type. We also emphasize
that if equation (4.3) is solvable in L2(S ) and f2C (S ), then the solution m
belongs to C (S ).
The adjoint operator T  appears in the integral equation of the direct method.
To obtain the equation, we consider (3.8) and move the point z onto the
contour S. By using the jump relationship for the double-layer potentials, we
arrive at the equation
KuðzÞ C ðT  uÞðPÞ Z 2ðVf ÞðPÞ;
where

ð4:4Þ

ð



ðT uÞðzÞ Z 2 uðzÞvnðzÞ Gðz; zÞdsz :
S

The arguments applied in Kuznetsov et al. (2002, §2.1) for the investigation of
the integral equations for the water wave problem without surface tension effects
can be repeated literally for the problem (2.1)–(2.5) and integral equations (4.3)
and (4.4). In this way, we ﬁnd that the problem (2.1)–(2.5) is uniquely solvable if
and only if the homogeneous boundary integral equations on S,
Km C Tm Z 0;

Ku C T  u Z 0;

ð4:5Þ

have only the trivial solution in L2(S ). Otherwise, the equations and the
homogeneous problem have the same number of linearly independent solutions
and solutions to the second equation (4.5) are traces of solutions to the
homogeneous problem (2.1)–(2.5), which in their turn are given by Vm from
solutions to the ﬁrst equation (4.5).
We shall use the real and imaginary parts of the operator T  deﬁned by
ð

ðT r u ÞðzÞ Z 2 uðzÞvnðzÞ Re Gðz; zÞdsz ;
S

ð
ðT i u ÞðzÞ ZK2 uðzÞvnðzÞ Im Gðz; zÞdsz :
S
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It is easy to note that if a function u : S 1 C satisﬁes the equations
Ku C T r u Z 0;

ð4:6Þ

T i u Z 0;

ð4:7Þ

then they also hold for Re u and Im u. At the same time, for any real-valued
function v, we have ðT r K iT i ÞvZT  v. This means that each of the functions
Re u and Im u satisﬁes the second equation (4.5) and it is also true for u.
Let us now show that any solution to the second equation (4.5) satisﬁes the
system (4.6) and (4.7). For this, we shall need some asymptotic analysis for a
solution to the problem (2.1)–(2.5). We use the Green identity (3.8) and
asymptotic representation of Green’s function as jz j/N, which can readily be
obtained from the formula (2.7) and known asymptotic representations of Ei and
E1 given in Abramowitz & Stegun (1965) and Motygin & McIver (2003; see also §7).
This gives us the following asymptotics as jzj/N and GxO0:
uðzÞ Z CGek 0 y eik 0 j x j C 4GðzÞ;

ð4:8Þ

K1
where CG are some complex coefﬁcients and vnx vm
Þ as jzj/N for any
y 4GZ Oð j z j
n, mR0.
Let u be a solution to the homogeneous problem (2.1)–(2.5). Consider a
domain Wa Z W h f j x j ! ag and apply Green’s formula over the domain for u
and u. We have
ð
ð
2
2
0Z
½
uV uKuV udx dy Z
½uvn u K uvn uds;
ð4:9Þ
Wa

vWa

where the normal n is directed to the interior of Wa.
We write vWaZSgFagLCgLK, where FaZFh{jxj!a}, LGZ fðx; yÞ :
x ZGa; y! 0g. Taking into account that vnZKvy and uZnK1(u yKbuxxy) on
Fa (by (2.2)), in view of (4.8), integrating by parts, we ﬁnd
ð
ð
b
b
xZa
½uvn uK uvn udx Z
½
u y uxxy K uy uxxy dx Z ½
uy uxy K uy uxy xZKa
n
n
Fa
Fa
Z

2ibk 30
ð j CC j 2 C j CK j 2 Þ C oð1Þ; as a/N:
n

Analogously, we have
ð
ð0
½uvn u K uvn udy ZG
½
u ux Ku ux dy Z i j CG j 2 C oð1Þ;
LG

as a/N:

KN

Finally, in the limit a/N, we ﬁnd from (4.9) ð1C 2bn K1 k 30 Þð j CC j 2 C
j CK j 2 ÞZ 0 and conclude that a solution u to the homogeneous problem
(2.1)–(2.5) decays to zero at inﬁnity and it is the so-called trapped mode. The
latter means that each of the functions Re u, Im u is a solution to the
homogeneous problem, its trace on S is a solution to the second equation (4.5)
and, thus, satisﬁes the system (4.6) and (4.7). Finally, we can conclude that the
second equation (4.5) and the system (4.6) and (4.7) are equivalent, having the
same set of solutions.
Proc. R. Soc. A
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5. Criterion for uniqueness
We start with a symmetrization, suggested in Motygin (2006), for the integral
equation (4.6) and the adjoint one
ðI K Tr Þm Z 0:

ð5:1Þ

Applying the operator I KT r to the last equation and IKTr to (4.6), we arrive at
Km C Tm Z 0;

T Z Tr C T r KT r Tr ;

ð5:2Þ

Ku C T 0 u Z 0;

T 0 Z Tr C T r K Tr T r ;

ð5:3Þ

and, obviously, solutions to (5.1) and (4.6) satisfy (5.2) and (5.3), respectively. It
can also be observed that solutions to (5.2) and (5.3) satisfy (5.1) and (4.6),
respectively. First of all (5.2) can be written as ðI KT r ÞðI K Tr ÞmZ 0 and either
(IKTr)mZ0 or (IKTr)mZvs0 and ðI KT r ÞvZ 0. By Fredholm’s alternative,
the subspace KerðI KT r Þ is orthogonal to Im(IKTr). Hence hv, viZ0 because v
belongs to both subspaces. Analogously, we can consider (5.3) and (4.6).
It is important to note that T and T 0 are compact and, unlike Tr, self-adjoint
operators with real eigenvalues li 2 sðTÞ and li0 2 sðT 0 Þ. It can be observed that
hðI KT r ÞðI K Tr Þv; viZ hðI K Tr Þv; ðI K Tr ÞviR 0. Thus, hTv; vi% hv; vi and all
eigenvalues of the operator T are submitted to the inequality li%1. Analogously,
li0 % 1. Furthermore, we shall use the notation l1Zmax{li}. It follows from the
above that (4.6) has only the trivial solution if and only if l1!1, and non-trivial
solutions exist only when l1Z1.
The above arguments were ﬁrst outlined in the short note by Motygin (2006),
where they were also used for numerical investigation of the uniqueness property
for the water wave problem in the case when the surface tension was not taken
into account. Further in this section, we shall make use of the formalism
introduced above and apply more detailed analysis for the operators T and T 0 .
This will allow us to derive a new criterion of uniqueness for the problem (2.1)–(2.5).
Let l1s1. It can be observed that in this case the operators T and T 0 have the
same system of eigenvalues {li} and dimensions Ni and Ni0 of eigenspaces E i and
E i0 corresponding to any eigenvalue li are equal. Consider an eigenvalue li of the
operator T. From the deﬁnition of the eigenvalue and taking into account the
deﬁnition of T, for mi 2 E i , we have
ðI KT r ÞðI K Tr Þmi Z ð1K li Þmi :
Applying the operator IKTr from the left to the latter equality, we arrive at
ðI K Tr ÞðI KT r ÞðI K Tr Þmi Z ð1K li ÞðI K Tr Þmi ;
or ðI KT 0 Þui Z ð1K li Þui , where u iZ(IKTr)mi. The latter means that li is an
eigenvalue of T 0 and ðI K Tr ÞE i 3E i0 . Since IKTr is bijective on L2(S ), this means
that Ni % Ni0 . Applying now I KT r to E i0 , we ﬁnd ðI KT r ÞE i0 3E i and Ni0 % Ni
and, ﬁnally, Ni Z Ni0 .
ðiÞ
ðiÞ
Let us denote by m1 and u 1 (iZ1, ., N1) the eigenfunctions of T and T 0
corresponding to l1, where N1 is the multiplicity of l1. We can prove that if for
some i and for all jZ1, ., N1
Proc. R. Soc. A
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D
E
ðiÞ
ðj Þ
ðI KT r Þu 1 ; m1 Z 0;

ð5:4Þ

ðiÞ

then l1Z1 and ðI KT r Þu 1 Z 0. Suppose the contrary, i.e. (5.4) holds and l1s1.
ð1Þ
ðN Þ
Then, the mapping I KT r is a bijection between spanfu 1 ; .; u 1 1 g and
ð1Þ
ðN Þ
spanfm1 ; .; m1 1 g. This means that we can write
N1
X
ðiÞ
ðkÞ
ðI KT r Þu 1 Z
ck m1 :
kZ1

Then, from (5.4), we obtain
N1
X

D
E
ðkÞ
ðj Þ
ck m1 ; m1 Z 0;

j Z 1; .; N1 :

kZ1
ði Þ

Since m1 are linearly independent, from the last system of linear equation with
ði Þ
Gram matrix, it follows that ckZ0 (kZ1, ., N1) and ðI KT r Þu 1 Z 0,
which contradicts the assumption that l1s1. Repeating the arguments literally,
ðiÞ
ðj Þ
we can also replace (5.4) by the conditions hðI K Tr Þm1 ; u 1 iZ 0.
Summing up the above arguments, we arrive at the following assertion.
Theorem 5.1. The homogeneous problem (2.1)–(2.5) has non-trivial solutions if
and only if some eigenfunction u ði1 Þ of the operator T 0 satisﬁes the conditions (5.4)
and (4.7 ).
In conclusion of this section, we note that for a real-valued function u in view
of (2.7)
K

1 C 3s 
ðT i u ÞðzÞ Z 2ek 0 y cos k 0 x RefQðuÞg C 2 ek 0 y sin k 0 x ImfQðuÞg;
1 Cs

where

ð
QðuÞ d

S

uðzÞvn ðek 0 h eik 0 x Þdsz :

Therefore, a function u satisﬁes (4.7) if it satisﬁes the condition Q(u)Z0.
This means that, under the assumption that l1 is simple, for any geometry the
three conditions
J d hðI KT r Þu 1 ; m1 i Z 0;

RefQðu 1 Þg Z 0

and ImfQðu 1 Þg Z 0

ð5:5Þ

together guarantee the existence of a trapped mode.
6. Numerical algorithm for ﬁnding trapped modes
In this section, we shall apply the criterion (5.5) to ﬁnd trapped modes
numerically and to demonstrate the effects of surface tension. We shall consider
the case when the geometry S is symmetric with respect to the y-axis, which
simpliﬁes ﬁnding solutions to (5.5); when l1 is simple, the function u 1 is either
even or odd in x and one of the last two conditions (5.5) is fulﬁlled automatically.
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Thus, we shall verify numerically that non-trivial solutions to the pair of
equations (5.5) exist. To do this, we shall plot the two curves corresponding to
the equations in the plane of two parameters (here it will be n and one of the
geometrical parameters); when the curves are found to intersect, rather than
touch, this gives a robust numerical method for establishing the existence of
trapped modes as the intersection cannot be lost as a result of numerical error.
A similar scheme has been used by a number of authors, for example Porter (2002).
We should note some difﬁculty in numerical investigation based on (5.5),
which is connected with ambiguity in the deﬁnitions of J and Q. Basically, even
under the normalization ku 1kZkm1kZ1, when, for instance,
JðnÞ Z ðI KT r Þ

u1
m
; 1 ;
ku 1 k km1 k

ð6:1Þ

each of the functionals J and Q is deﬁned only up to the sign. Nevertheless, it
can be shown that it is possible to deﬁne J and Q as piecewise analytic in n or s
functions and this allows us to ﬁnd zeros of the functionals convincingly.
First of all, we recall that according to Kato (1976, ch. II, §1, ch. VII, §3),
eigenvalues li of the self-adjoint operator T, which depend analytically on a
parameter n (or s), are continuous functions of the parameter. They also depend
on n (or s) analytically with the exception of some isolated values, where
algebraic type splitting of the curves happens; between these points, multiplicity
of the eigenvalue does not change.
Let l1 be a simple eigenvalue for n2(n 0 , n 00 ). We denote by P(n) and P 0 (n) the
projectors to the eigenspaces, corresponding to l1(n) for T and T 0 , respectively.
According to Kato (1976, ch. VII, §3), these operators P(n) and P 0 (n) depend
analytically on n3(n 0 , n 00 ). Consider some ﬁnite interval gZ[n0,n1]3(n 0 ,n 00 ), ﬁx
some point n2g and deﬁne
m1 ðnÞ Z PðnÞm1 ðn Þ;

u 1 ðnÞ Z P 0 ðnÞu 1 ðn Þ:

ð6:2Þ

Since m1(n), u 1(n)s0, the denominators of m1/km1k, u 1/ku 1k differ from zero in
V3 ðn Þ—some open 3-neighbourhood of n. This means that the function J(n),
which is deﬁned with the help of (6.1) and (6.2), is analytic in V3 ðn Þ. Since g is
ﬁnite, we can deﬁne 30 Z minf3 ðn Þ : n 2 ggO 0 and introduce a ﬁnite system of
overlapping intervals V30 ðni Þ, such that g 3gm
iZ1 V30 ðni Þ, where ni!niC1, jniKniC1j
!230, iZ1, 2, ., mK1. In each of the intervals V30 ðni Þ, the function J(n) has an
analytic representation by (6.1) and (6.2) deﬁned up to the sign. Choosing the
signs to match the representations in V30 ðni Þh V30 ðniC1 Þ (iZ1, 2, ., mK1), we
obtain an analytic function on the whole interval g.
Furthermore, we shall present and discuss the results of computations based
on (5.5) with the above remarks taken into account. First, we consider a
conﬁguration consisting of two equal ellipses with horizontal semi-axis a and
vertical semi-axis b, with centres at the depth d and distance between centres 2l.
Computations are carried out for b/aZ0.08 and d/aZ0.25 (this geometry was
considered in the work of Porter (2002) for the water wave problem with surface
tension neglected). We use a simple collocation scheme for the approximation of
the integral operator Tr. Each of the ellipses is split into Np/2 arcs uniformly in
q2[0,2p] in the representation x (q)ZGlCa cos q, y(q)ZKdCb sin q.
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Figure 3. Curves JZ0 (solid line, I ), QZ0 (dashed line, II ) and points of u 1 parity change (dotted
line, III ) for two ellipses and (a) sZ0.002 and (b) sZ0.006.

In ﬁgure 3a,b, we show the behaviour of the curves JZ0 (I) and QZ0 (II) in
the plane (na, l/a) for sZ0.002 and 0.006, respectively. We checked numerically
that l1Kl2 is separated from zero at the points of intersection of the curves (I)
and (II). It is also very likely that the simplicity of l1 takes place for all values
of parameters (na, l/a), shown in ﬁgure 3, except for the values belonging to the
curves (III), where multiplicity of l1 is found to be equal to 2 (or 3, at the point
of intersection of the curves (III) in ﬁgure 3a). These points reveal themselves as
points of parity change for the function u 1. The curves in ﬁgure 3b were found
with NpZ240; the computations near the point of intersection of curves (III) in
ﬁgure 3a are more demanding to the accuracy and Np was increased to 360.
It can be observed that the computations are quite strongly inﬂuenced by
surface tension effects. With an increase of s, the intersection of the curves JZ0
and QZ0 becomes less distinct and the intersection disappears at some value of s.
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Table 1. Location of trapped modes for different values of the surface tension parameter s.
ellipses

rounded rectangles

s

naz

l/az

naz

l/az

0
0.001
0.002
0.003
0.004
0.005
0.006

0.5842
0.5798
0.5749
0.5693
0.5628
0.5548
0.5444

2.348
2.381
2.417
2.457
2.504
2.559
2.630

0.6104
0.6100
0.6096
0.6090
0.6084
0.6076
0.6068

2.057
2.070
2.083
2.096
2.110
2.124
2.138

We do not aim to deﬁne the limit value with high accuracy, but it is found
that for sZ0.0075 the curves (I) and (II) shown in ﬁgure 3 are separated one
from another.
Similar computations were done for a conﬁguration consisting of two
equal rectangles with rounded corners of radius c. Each of the rectangles has
width 2a and height 2b, its centre is located on the depth d and the distance
between centres is 2l. Computations were carried out for b/aZ0.08, d/aZ0.25
and c/aZ0.02. Results for the computation of trapped modes parameters for
some values of the parameter s for the two geometries (ellipses and rectangles)
are given in table 1. We note that the values obtained for two ellipses and sZ0
can be compared and they agree with the results of Porter (2002). It is also worth
pointing out that the locations of the trapped modes in the (na, l/a) parameter
space are less sensitive to changes in s for the rounded rectangles.
We note that although trapped modes are found only for small values of the
parameter s, the values are, however, sufﬁciently large from a physical point of
view. Consider, for example, the pair water–air, where the coefﬁcient of surface
tension T is approximately equal to 0.072 N mK1 and rZ1000 kg mK3. Solving
the equation s(1Cs2)ZT(na)2/(a2rg) for sZ0.006 and the corresponding value
naz0.544 (table 1), we ﬁnd az19 mm and smaller values of s correspond to
bigger values of the ellipse length.
7. Uniqueness theorem
In this section, we shall prove a uniqueness theorem for the problem (2.1)–(2.5)
using the approach suggested by Motygin & McIver (2003). We also emphasize
that from arguments given by Kuznetsov et al. (2002, §2.1)—in §4, we discussed
their applicability to the problem in question—it follows that a uniqueness
theorem guarantees solvability of the boundary-value problem where the solution
has the form (4.1).
Consider Green’s identity (3.8) for a hypothetical trapped mode u, which is a
non-trivial solution to the homogeneous problem (2.1)–(2.5). We recall that
without loss of generality we
ð can suppose that u is real-valued and, hence, we have
uðzÞ Z
Proc. R. Soc. A
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where Gr is the real part of Green’s function. From the last formula, we
conclude that
ð
j uðzÞ j % max j u j j vnðzÞ Gr ðz; zÞ j dsz ;
ð7:1Þ
S

S

and, hence,
sup j u j % max j u j sup
S

F

z2F

ð
S

j vnðzÞ Gr ðz; zÞ j dsz :

ð7:2Þ

Let us now make use of maximum principle to compare supF juj and maxS juj.
The strong maximum principle of Hopf (e.g. Gilbarg & Trudinger 1983, theorem
3.5) guarantees that a non-constant potential u satisfying (2.1) cannot attain its
maximum or minimum value at an internal point of any subset of W. This assertion
is valid for the whole unbounded domain W; for this, it is sufﬁcient to note that u
decays to zero at inﬁnity (see §4).
Furthermore, we recall that the wetted surface of bodies S is assumed to be
sufﬁciently smooth, belonging to the Hölder class C 1,a, 0!a!1, so we can make
use of Giraud’s theorem (e.g. Miranda 1970, p. 6). Consider a bounded domain
W03W, such that S3vW0. Let minW0 u% 0 ðmaxW0 uR 0Þ and u takes this
minimum (maximum) value at points Mi on vW0; ni is the normal vector at Mi
directed into W0. The theorem guarantees that at every point Mi for any vector
m, such that the scalar product ni$m is strictly positive, there exists a positive
constant L, such that for PZMiCtm, P2W0, and sufﬁciently small tO0
uðPÞKuðMi ÞO Lt

ð!KLtÞ:

ð7:3Þ

In view of the homogeneous Neumann condition on S, this means that maxW0 j u j
cannot be attained on S. Finally, we can conclude that either uh0 in W or
max j u j ! sup j u j :
S

ð7:4Þ

F

Combining (7.2) and (7.4), we come to the following sufﬁcient condition for
uniqueness of solution to the problem (2.1)–(2.5).
Theorem 7.1. If for a contour S and values of parameters n, s the following
inequality holds:
ð
sup
ð7:5Þ
j vnðzÞ Gr ðn; s; z; zÞ j dsz % 1;
z2F

S

then the homogeneous problem (2.1)–(2.5) has only the trivial solution.
The condition (7.5) can be improved by using auxiliary potentials, e.g. waveless
singular potentials or multipoles located inside the bodies. Here, we shall not
discuss this possibility; more details can be found in Motygin & McIver (2003).
We can generalize the statement of the last theorem to contours S belonging to
C 1 by using the lemma proved by Nadirashvili (1985). The latter assertion states
that regardless of the fact that for such domains a derivative in a non-tangent
direction at an extremum point can be equal to zero, in any vicinity of the
extremum, there is a point where all such derivatives are non-zero.
It can be also shown that theorem 7.1 is valid for some classes of contours with
corners and cusps protruding to the domain occupied by ﬂuid. We shall denote
these points at S by Pi and assume that S consists of arcs of class C 3 (including
Proc. R. Soc. A
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the arcs’ endpoints). If the local ﬁniteness of energy is assumed for a solution to
the homogeneous problem (2.1)–(2.4)
ð
j Vu j 2 dx dy!N;
E

where E is a compact subset of W , then the results of Wigley (1970) guarantee
that the solution is classical, i.e. u 2 C 2 ðW n fPi gÞh C ðW Þ.
The maximum of juj in W cannot be located at a regular point of S; as we have
seen above, this would mean that vnu!0 or vnuO0, which contradicts the
homogeneous condition (2.3). Suppose that the maximum ju j is located at
M2{Pi}, let us choose the sign of u in such a way that it is the minimum. Let
a2(p,2p] be the angle between one-sided tangents to S at M. We can place a
sector with opening a0 and with the origin at the point M so that the sector
belongs to W. For solution u, the main assertion of a paper by Oddson (1968)
guarantees that in some neighbourhood of M
uðx; yÞR uðM Þ C crp=a0 cosðpq=a0 Þ;
ð7:6Þ
where (r, q) are polar coordinates, such that q2[Ka0/2,a0/2] inside the sector,
and c is a coefﬁcient, such that cO0.
By using lemma 10 in Wigley (1970), it is not difﬁcult to obtain the following
asymptotics as r/0:
uðr; qÞ Z uðM Þ C drp=a sinðpq 0 =aÞ C OðrÞ;
where d is a coefﬁcient and q 0 ZGa/2 on the one-sided tangents at M. It can be
seen that there is a contradiction between the last formula and (7.6) (consider,
for example, the direction q 0 Z0). Hence, the maximum juj in W cannot be
attained at M2{Pi} and we can conclude that (7.4) (and, thus, theorem 7.1)
holds for bodies with the corners and cusps directed to the ﬂuid.
Furthermore, we shall show that the sufﬁcient condition for uniqueness (7.5)
is effective for ﬁnding bounds for parameters of a problem corresponding to
possible trapped modes. Namely, we shall derive an estimate in the form
jVx,hG(z, z)j%g(h) for z2F. Obviously, uniqueness is then guaranteed by (7.5) if
ð
gðh; nÞdsz % 1:
ð7:7Þ
S

Now, differentiation of the real part Gr of Green’s function G given in equation
(2.7) with g0 and gG expressed in terms of the exponential integrals through
equations (2.8) and (2.9) yields, for z2F,
(
vGr
vGr
1
i

Kik 0 ðzKzÞ

Eiðik 0 ðz K zÞÞ
Ci
Z
 C pð3s C 1Þ Kn e
vx
vh
pðz K zÞ
)
X

KiaGðzKzÞ

AGaGe
E1 ðKiaGðz K zÞÞ
:
C
ð7:8Þ
G

Following Motygin & McIver (2003), the exponential integrals are represented
by their asymptotic expansions by writing, for jarg(Kz)j!p,
"
#
N
X
ðn K 1Þ!
z
EiðzÞ Z pi sgnðIm zÞKE1 ðKzÞ;
E1 ðKzÞ ZKe
C RN ðzÞ :
zn
nZ1
Proc. R. Soc. A

Downloaded from http://rspa.royalsocietypublishing.org/ on November 19, 2018

16

O. V. Motygin and P. McIver

An integral form of the remainder
RN ðzÞ ZK

N!
iN

ðN
0

eit dt
;
ðtK izÞNC1

Im z R 0

ð7:9Þ

(a similar form holds for Im z!0) is given in Motygin & McIver (2003, eqn (A7))
and two alternative bounds on R N(z) are obtained under the assumption that
Re zO0. In fact, it is straightforward to show that the same bounds apply
for Re z!0 and, furthermore, the coefﬁcients in the bounds may be improved
slightly to obtain
pﬃﬃﬃ
pﬃﬃﬃ
½ðN C 1Þ 2 KN ðN K 1Þ!
½ðN C 2Þ 2 KN N !
j RN ðzÞ j %
and j RN ðzÞ j %
:
jz jN
j z j NC1
ð7:10Þ
(In the improved procedure, the range of integration in (7.9) is split at a value t0,
say. For Re zO0, Im zO0, the bound j tK iz j R 2 K1=2 ðtC Re z C Im zÞ given
after eqn (A4) in Motygin & McIver (2003) is used for the upper part of the range
of integration, and jtKizjRjzj is used for the lower part. The value t0 is then
chosen to minimize the bound. A similar procedure applies for Re z!0 and/or
Im z!0.)
With the above representation of the exponential integrals, equation (7.8) gives
"
vGr
vGr
1


pne Kik 0 ðzKzÞ sgn½Imðx KxÞK inR1 ðik 0 ðz K zÞÞ
Ci
Z
pð3s C 1Þ
vx
vh

Ki

X

#
 ;
AGaGR1 ðiaGðz K zÞÞ

z 2F

G

and, hence, by the bounds given in (7.10),
pﬃﬃﬃ
pﬃﬃﬃ

1
2 2 K1 3 2 K1
k 0h
pne C n min
;
gðh; nÞ Z
pð3s C 1Þ
j k 0h j
ðk 0 hÞ2
pﬃﬃﬃ
pﬃﬃﬃ

2 2 K1 3 2 K1
C2 j ACaC j min
;
j aCh j
j aCh j 2

ð7:11Þ

(note that jAKjZjACj and jaKjZjaCj). The boundary of the region of uniqueness
deﬁned by the inequality (7.7) is shown in ﬁgure 4 for two submerged circles of
radius a, and for two submerged ellipses with horizontal semi-axis a and vertical
semi-axis b, such that b/aZ0.08. The region of uniqueness is displayed in terms of
the submergence depth d/a and the frequency parameter na; the bounds are
independent of the spacing between the obstacles. It is shown in the ﬁgure how the
boundary of the region varies with surface tension, and it can be seen that signiﬁcant
deviations from the gravity-wave case, sZ0, are obtained only for physically large
values of the surface tension. Uniqueness is guaranteed for sufﬁciently large values of
both the depth d and the frequency parameter n. Trapped modes for the elliptical
geometry are discussed in §6.
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Figure 4. Bounds given by equations (7.7) and (7.11) for (a) two circles and (b) two ellipses with
d/aZ0.08, all submerged to a depth d: sZ0 (solid curve), sZ0.2 (short dashed curve) and sZ1
(long dashed curve). The uniqueness domain is located above the curves.
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Figure 5. Bounds given by equations (7.7) and (7.11) for two circles submerged to a depth
d: naZ0.5 (solid curve), naZ1 (short dashed curve), naZ1.5 (medium dashed curve) and naZ2
(long dashed curve). The uniqueness domain is located above the curves.
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A different view of the bounds for two circles is shown in ﬁgure 5, where the
boundary of the domain for which uniqueness is guaranteed is given in terms of
the depth of submergence as a function of the surface tension parameter s for
various values of na. There are signiﬁcant variations in the boundary only for s
less than approximately 10 and, for all n, the curves approach
ﬃ
qﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
pﬃﬃﬃ
2
d=a Z 1 C 16ð2 2 K1Þ z7:38; as s/N:

8. Conclusion
In this paper, we have studied the uniqueness question for the linear problem of
wave–body interaction with account taken of surface tension effects. The subject
of uniqueness has been extensively investigated in recent years, but surface
tension effects have been neglected. The effects have only been included recently
when a number of examples of non-uniqueness were constructed with help of the
inverse procedure (Harter et al. 2007, 2008). Furthermore, uniqueness theorems
for the problem in question were not known. In the present paper, we derive
a criterion of uniqueness which is formulated in a form convenient for ﬁnding
trapped modes for given submerged bodies numerically. The numerical algorithm
is applied to pairs of ellipses and rounded rectangles and numerical results are
used to demonstrate the effects of surface tension—in particular, it is shown that
the numerically found trapped modes disappear when the surface tension is
increased. In addition, we apply the approach by Motygin & McIver (2003) and
prove a uniqueness theorem that provides simple bounds for the possible nonuniqueness parameters.
O.V.M. thanks INTAS for support in the framework of YSF grant, no. 06-1000014-6343, and
School of Mathematics, Loughborough University, for hospitality.
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