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shearing, and also a t different velocity gradients, showed good agreement with one 
another. Two such sets are shown in figure 4 and indicate th a t the distributions are 
equilibrium values.

Table 2 summarizes the cumulative distributions according to Amax and to the 
corresponding C calculated by means of (8) from the measured values of re. Figures 
4 and 5 show the cumulative distributions according to Amax and C respectively.

Table 2. D istribution  o f  orbits

S. G. Mason and R. St J. Manley

r — 20-4 t =  68-4 r =  115*3
Anax.

(deg.)
(

C
,

P(C) = P(Amax.)
,-------------

c P(C)
(

c P{C)

10 1-23 x 10-2 0-031 4-6 x 10-3 0-003 2-9 x 10-3 0-0
20 2-54 x 10-2 0-085 9-6 x 10-3 0-020 6-0 x 10-3 0-002
30 4-04 x 10“2 0-177 1-52 x 10-2 0-026 9-6 x 10-3 0-007
40 5-86 x 10-2 0-265 2-2 x 10-2 0-047 1-40 x 10-2 0-010
50 8-34 x 10-2 0-374 3-1 x 10-2 0-079 1-97 x 10-2 0-013
60 1-21 x 10-1 0-445 4-56 x 10-2 0-121 2-86 x 10-2 0-026
65 — — — — 3-55 x 10-2 0-034
70 1-93 x 10 1 0-530 7-25 x 10-2 0-180 4-55 x 10“2 0-051
75 — — — — 6-16 x 10-2 0-098
80 3-97 x 10-1 0-632 1-49 x 10-1 0-340 9-38 x IQ-2 0-179
85 — 0-703 3-02 x 10"1 0-493 1-89 x 10-1 0-316
87 — — — — 3-16 x 10-1 0-480
90 oo 1-00 oo 1-00 00 1-00

F ig u r e  5. Equilibrium  distributions of orbit constants. Curves 1, 2 and 3, experim ental 
da ta  for (1) r = 115-3, (2) r  =  68-4 and (3) r — 20-4. Curves 4, 5 and 6, calculated from 
assum ption of Eisenschitz for (4) r  =oo, (5) 115 and (6) 1.

For purposes of comparison with the measured values, the distributions calculated 
for r  = 115 and for the two limiting cases r =  1 and oo by means of (17), (18)a n d (20) 
are also given in figure 4 . I t  is readily shown from (16) th a t all ) curves for 
1 < re <oo calculated from the Eisenschitz assumption m ust fall within the limits 
set by re = 1 and re — go. I t  is evident th a t the observed values of P((7) are in ter­
mediate between those calculated from the assumptions of Jeffery and Eisenschitz.
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From the experimentally measured values of -P(Amax), the instantaneous dis­
tribution of orientations P(A) was calculated from equations (12), (13) and (14), by 
a series of laborious graphical integrations. The results are included in figure 3, and 
show reasonably good agreement with P(A) actually observed, particularly a t the 
two highest axis ratios. The fact th a t the measured values of P(A) are greater than  
those calculated from P(C) is to be expected in view of the randomizing effect of 
convection currents on the distributions measured under static conditions.

(d) Particle interactions

As a result of the velocity gradient in the liquid, two rotating cylinders can be 
carried by translation into proxim ity and thus interact. On approaching one 
another, the two participating cylinders become associated for a time, separate and 
then rotate in orbits which differ from those which prevailed before interaction. This 
may be shown by measuring Amax of a reference particle for a number of consecutive 
particle rotations before and after interaction. A typical result is shown in figure 6. 
Here the interaction caused Amax to increase; in other instances it was observed to 
decrease.
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interaction

particle rotations

F ig u r e  6. Variation of Amax as the result of interaction with another particle.

Such discontinuous changes in orbit constant were always associated with the 
close approach of another particle and were used as the criterion of interaction. The 
interaction did not involve apparent collision of the two particles as in the case of 
spheres (Manley & Mason 1952) bu t merely a close approach and possibly an 
interpenetration of their orbits.

With experience, it became possible to predict, from the similarity of focus of the 
two particles in the microscope field and the velocity with which they approached 
one another, whether or not they would interact. Since Amax could only be measured 
twice in each particle rotation it was clearly impossible to detect an interaction with 
certainty a t the instant it occurred. This made it impossible to measure the in ter­
action frequency except a t very low concentrations where the mean interaction 
frequency is less than the frequency of rotation. Such measurements were not 
attempted.
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A series of experiments in which the period of rotation T  was measured on 

successive half-rotations indicated th a t the period is influenced by interactions. 
Typical results are given in table 3 for a particle of axis ratio 20*4 in the stock 
suspension and for a particle of axis ratio ca. 30 in a more concentrated suspension. 
Semi-rotations during which the particle in the dilute suspension was separated

Table 3. E ffect of interaction  o n  period  of rotation

S. G. Mason and R. St J. Manley

No. of 
particle 

rotations
0- 5 
1
1- 5 
2
2- 5
3
3- 5
4
4- 5
5
5- 5
6
6- 5

r  =  20-4 
C = 62 x 10-6 
G = 1-54S"1

T( s )
60-0
51-6*
53 0*
64-4*
59-6
59-0
58- 4
59- 2 
71-8* 
59-6
58- 8
59- 4 
50-4*

r =  30 
C =  5 x 10-* 
G -  0-722S-1

T( s )
145-4*
115-2*
169-2*
175-0*
174-4*
147- 4* 
126-2* 
160-6*
167- 2*
168- 6* 
173-0*
148- 6* 
142-6*

* Visible interaction.

•6 t/T

F ig u r e  7. Measured variation o f A w ith tim e in the absence of interaction. The c u rv e  is 
calculated from Jeffery’s equation in the form ta n  A/tan Amax =  sin (2nt/T).

from others yielded essentially constant values of T, while those in which the 
particle suffered a visible interaction, and which are marked with an asterisk in 
the table, yielded both smaller and larger values. In  the concentrated suspension the 
particle appeared to be under interaction continuously and the period of rotation 
varied erratically.

Finally, the effects of interaction upon the variation of A with time of a reference 
particle were investigated. Experiments were made with single particles and in 
suspensions of various concentrations.

The details of the orbit for single isolated particles were found to be in agreement
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with Jeffery’s equation. This is shown in figure 7 where tan  A/tan Amax is plotted 
against tfT,  the points being the observed values and the continuous line the values 
calculated from (6).

The variation of A with time for a single particle undergoing interaction with 
another is shown in figure 8. Here it is to be noted th a t the particle does not follow (6) 
but undergoes a change in rotation phase and amplitude, thus reflecting the change 
in orbit constant and in period observed in the preceding experiments.
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t/T

F ig u r e  8. Measured variation of A of a particle undergoing interaction (curve 1) compared 
with th a t of a non-interacting particle obeying Jeffery’s equation (curve 2).

5. D iscussion

The changes in orbit and rotational phase of a particle resulting from interactions 
with other particles established steady-state distributions of orientations and of 
orbit constants. W ithout interaction each particle would presumably retain the 
orbit and phase relationship existing a t the onset of motion, and the orientation 
distributions p(<f>) and p(A) given by solutions to (1) and (9) would be periodic 
functions, of period T, of the initial orientations. The equilibrium distribution of 
particle orbits is dynamic and must be governed by the mechanics of particle 
interaction. I f  a random sequence of changes in C is assumed, then the probability 
tha t an interaction will produce a decrease in C is given by P(C) and an increase by 
1 —P(C).

Since no theory of interactions exists, p(C) and A) cannot be predicted a priori. 
This also applies to those properties of suspensions which depend upon the dis­
tribution of orbits, for example the viscosity. According to Burgers (1938) the 
specific viscosity of a suspension of rods, having identical orbits and of sufficiently 
high axis ratio tha t the contribution to the viscosity due to the thickness of the 
particles can be neglected, is q

Vs» =AjW+i y(21)
where A  = - 2r(hi 2r — 1- 80) ’ an<̂   ̂ êng^h of the particle and n the number per 

unit volume. Averaging over all orbits (21) becomes

%v=A\ o (22)
9 Vol. 238. A.

 on October 22, 2018http://rspa.royalsocietypublishing.org/Downloaded from 

http://rspa.royalsocietypublishing.org/


130 S. G. Mason and R. St J. Manley

Burgers shows th a t when the orbits are distributed as assumed by Eisenschitz, (22) 
reduces to 2̂ 4

%sp. = • (23)

The specific viscosity may also be calculated by a numerical integration of (22) 
using the measured orbit distribution of the stock suspensions listed in table 2. The 
values so obtained, designated as %p_, are only approximate because of the un­
certainty of the distribution functions at high values of C, but yield values which 
are roughly one-half those given by (23). This is shown in table 4 where values of

VsJVsv. are listed-

Table 4. Specific viscosities and  orbit volumes

r VspJ ̂sp. V/v V/ Vr2 co
20-4 0-55 95 0-24 1-05 x 10-2
68-4 0-50 1300 0-28 0-77 x 10-3

115-5 0-55 4000 0-30 2-50 x 10-4

When, however, the particles possess intense Brownian motion so th a t the dis­
tribution of orientations is isotropic, the indeterminacy of ?/sp is overcome (Burgers 
I938)-

An im portant consequence of rotation in a velocity gradient is th a t the effective 
volume of a rod is considerably greater than  its actual volume. I t  follows from 
Jeffery’s equations th a t the orbit described by each end of a rotating cylinder is 
a spherical ellipse whose major and minor semi-axes are respectively

tan  6X = Cre, tan  d2 = C.

I t  is readily shown th a t the projection of this orbit on the X - Y  plane is a planar 

ellipse of axes and . If, as shown in figure 1, we take the space
V(i+<?2)'

generated by the rotating particle to be a cylinder having this ellipse as cross-section 
and height equal to the Z  projection of the particle a t 9 = 0, i.e. of height l cos d2, 
the effective orbit volume V(C) becomes

V(C) nPC-r.

and

4(l + C2)V(l + <?2r2)

V(C) _  2
v “  (l +  C,2)V(l +  (72rf)’

where v is the volume of a particle. The mean orbit volume V is therefore given by

— = [ ° ° ^ ^ p ( C
v Jo V

Approximate values of V\v computed by numerical integration from the experi­
mentally measured distribution of orbits of the stock suspensions are given in 
table 4 . I t  is seen th a t the values are high, and are roughly proportional to r2. The 
corresponding critical concentrations c0, a t which Vn = 1 (Mason 1954) and in 
excess of which the particles cannot all rotate freely, are included in the table.
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The above experiments were carried out as part of a study of the aggregation of 
paper-making fibres; their implications in this connexion have already been discussed 
(Mason 1954).
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